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Monoids
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Definitions

Monoids

A monoid is a set M with a binary associative operation x and an
identity element, 1. That is, for all a,b € M, we have

Q axbeM
@ ax(bxc)=(axb)xc
O lxa=axl=1.
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Definitions

Monoids

Definition

A monoid is a set M with a binary associative operation x and an
identity element, 1. That is, for all a,b € M, we have

Q axbeM
@ ax(bxc)=(axb)xc
O lxa=axl=1.

A group without inverses.

Jay Daiglegerald.daigle@pomona.eduPomona College Non-Minimal Factorization in Numerical Monoids



Definitions

Monoids

Definition
A monoid is a set M with a binary associative operation x and an
identity element, 1. That is, for all a,b € M, we have

Q axbeM

@ ax(bxc)=(axb)xc

© lxa=axl=1.

A group without inverses.
Multiplicative: N, {1+ 4k | k € Np}.
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Definitions

Monoids

Definition
A monoid is a set M with a binary associative operation x and an
identity element, 1. That is, for all a,b € M, we have

Q axbeM

@ ax(bxc)=(axb)xc

© lxa=axl=1.

A group without inverses.
Multiplicative: N, {1+ 4k | k € Np}.
Additive: M,xm, No.
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Definitions

Numerical Monoids
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Definitions

Numerical Monoids

Definition

A Numerical Monoid is an additive submonoid of Ny.
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Definitions

Numerical Monoids

Definition

A Numerical Monoid is an additive submonoid of Ny.

Definition

The numerical monoid generated by ny, ..., ng, written
(n,...,ng), is the set {xin1 + xam + -+ xkny | x; € No}.
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Definitions

Numerical Monoids

Definition

A Numerical Monoid is an additive submonoid of Ny.

Definition

The numerical monoid generated by n1, ..., ng, written

(1, ..., ng), is the set {x1n +xonp + - - -+ xkny | xi € No}.We say
the monoid is primitive if gcd{ny, na, ..., nk} = 1.
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Definitions

Numerical Monoids

Definition
A Numerical Monoid is an additive submonoid of Ny.

Definition

The numerical monoid generated by n1, ..., ng, written

(1, ..., ng), is the set {x1n +xonp + - - -+ xkny | xi € No}.We say
the monoid is primitive if gcd{ny, na,...,nk} = 1. This generating
set is minimal if k < j whenever (ny,...,ng) = (my,..., mj).

Non-Minimal Factorization in Numerical Monoids
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Definitions

Numerical Monoids

Definition
A Numerical Monoid is an additive submonoid of Ny.

Definition

The numerical monoid generated by n1, ..., ng, written
(n,...,ng), is the set {xin1 + xanp + - - -+ xkny | x; € No}.We say
the monoid is primitive if gcd{ny, na,...,nk} = 1. This generating
set is minimal if k < j whenever (ny,...,ng) = (my,..., mj).

Every numerical monoid has a unique minimal generating set. This
set is precisely the set of irreducibles of the monoid.
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Factorization
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Definitions

Factorization

Let x € (n1,n2,...,nk), and let xin1 + xpna + - -+ + xknk be a
factorization of x.
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Definitions

Factorization

Let x € (n1,n2,...,nk), and let xin1 + xpna + - -+ + xknk be a
factorization of x. Then the length of this factorization, denoted

L(xyny 4 xonp + -+ + xxng), is X1 + Xa + -+ - + Xk.
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Definitions

Factorization

Let x € (n1,n2,...,nk), and let xin1 + xpna + - -+ + xknk be a
factorization of x. Then the length of this factorization, denoted

L(xyny 4 xonp + -+ + xxng), is X1 + Xa + -+ - + Xk.

The set of lengths of x, denoted L(x), is

{L(z) | z is a factorization of x}.

L(X):{X1+X2+"'+Xn‘X1n1—|—x2n2_|-..._|_xknk:X}‘
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Definitions

The Delta Set
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Definitions

The Delta Set

The delta set of an element x € M, denoted A(x), is the set of
consecutive differences in L(x).
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Definitions

The Delta Set

Definition

The delta set of an element x € M, denoted A(x), is the set of
consecutive differences in L(x). That is, if

L(x) = {x0,X1,.- Xk}

then
Ax)={xi—xi—1 | 1 <i<k}.
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Definitions

The Delta Set

Definition

The delta set of an element x € M, denoted A(x), is the set of
consecutive differences in L(x). That is, if

L(x) = {x0,X1,.- Xk}

then
Ax)={xi—xi—1 | 1 <i<k}.

The delta set of M, denoted A(M), is
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Definitions

A Sample Delta Set
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Definitions

A Sample Delta Set

Let M = (5,7,12) and x = 50.
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Definitions

A Sample Delta Set

Let M = (5,7,12) and x = 50. Then

50 = 0.5 + 2.7 + 3.12 (5)
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Definitions

A Sample Delta Set

Let M = (5,7,12) and x = 50. Then

50 = 0- 7 3.12 (5)
= 1. 7 2.

5 + 2.7 +
5 + 3.7 + 2-12 (6)
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Definitions

A Sample Delta Set

Let M = (5,7,12) and x = 50. Then

50 = 0-5 + 2.7 + 3-12 (5)
= 1.5 + 3.7 4+ 2-12 (6)
= 2.5 + 4.7 4 1-12 (7)
= 35 + 5.7 4+ 0-12 (8)
- 105 + 0-7 4+ 0-12 (10)
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Definitions

A Sample Delta Set

Let M = (5,7,12) and x = 50. Then

50 = 0-5 + 2.7 + 3-12 (5)
= 1.5 + 3.7 4+ 2-12 (6)
= 2.5 + 4.7 4 1-12 (7)
= 35 + 5.7 4+ 0-12 (8)
- 105 + 0-7 4+ 0-12 (10)

Thus £(x) = {5,6,7,8,10}
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Definitions

A Sample Delta Set

Let M = (5,7,12) and x = 50. Then

50 = 0-5 + 2.7 + 3-12 (5)
= 1.5 + 3.7 4+ 2-12 (6)
= 2.5 + 4.7 4 1-12 (7)
= 35 + 5.7 4+ 0-12 (8)
- 105 + 0-7 4+ 0-12 (10)

Thus £(x) = {5,6,7,8,10} and A(x) = {1,2}.
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Definitions

Properties
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Definitions

Properties

min(A°(M)) = gcd(A>(M)).
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Definitions

Properties

min(A3(M)) = gcd(A%(M)).

min(A({(n1, n2,...,ng))) = ged({n — nji—1 | 1 < i < k}).
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Definitions

Properties

min(A3(M)) = gcd(A%(M)).

min(A({(n1, n2,...,ng))) = ged({n — nji—1 | 1 < i < k}).

A((m, m)) = {n2 — m}.
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Definitions

Non-Minimal Bases

Jay Daiglegerald.daigle@pomona.eduPomona College inimal Factorization in Numerical Monoi



Definitions

Non-Minimal Bases

Definition

Let M = (my,my,...,m;) and let S = {n1, ny, ..., nk} be a subset
of M with {my,my,...,mi} CS. Then S is a non-minimal basis
for M.
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Definitions

Non-Minimal Bases

Definition

Let M = (my,my,...,m;) and let S = {n1, ny, ..., nk} be a subset
of M with {my,my,...,mi} CS. Then S is a non-minimal basis
for M.

Instead of factoring elements into irreducibles, we can factor them
with respect to an arbitrary basis.
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Definitions

Non-Minimal Bases

Definition

Let M = {my,myp,...,my) and let S = {ny, np, ..., nk} be a subset
of M with {my,my,...,mi} CS. Then S is a non-minimal basis
for M.

Instead of factoring elements into irreducibles, we can factor them
with respect to an arbitrary basis.

Definition

Let S be a basis set for M, and let x € M. Then

Es(x) ={x+x+ -+ x| x1m + xomp + -+ + xxng = x}, and
AS(x)={L; — Li_1 | £L5(x) = {L1, Lo, ..., Lx},2 < i < k}.

AS(M) = | A%(x).

xeM
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Definitions

Elementary Results
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Definitions

Elementary Results

min(A°(M)) = gcd(A3(M)).

| \

Theorem

IfS={ni,n,...,n}, then
min(A3(M)) = ged({n; — ni_1 | 2 < i < k}).

A\
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A Few Examples

@ Recall that A(<n1, n2>) = {n2 — nl}.
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A Few Examples

@ Recall that A(<n1, n2>) = {n2 — nl}.
@ What happens when we introdue one additional generator?
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A Few Examples

(n1, np, nm + )
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A Few Examples

(n1, np, nm + )
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A Few Examples

(n1, np, nm + )

o min(A%(M)) =1.
° max(AS(M)) = o, — n.
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A Few Examples

(n1, np, nm + )

o min(A%(M)) =1.
° max(AS(M)) = o, — n.

Proposition

Let M = (ny1, ny) be a primitive numerical monoid and let
S ={nm,ny,m +n}. Then AS(M)=1{1,2,...,m — n}.
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A Few Examples

<n17 ny, n1n2>
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A Few Examples

<n17 ny, n1n2>

o If M= (5,6) and S = {5,6,30}, A°(M) = {1,2,3,4}.
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A Few Examples

<n17 ny, n1n2>

o If M= (5,6) and S = {5,6,30}, A°(M) = {1,2,3,4}.
o If M= (511) and S = {5,11,55}, AS(M) = {2,4,6}.
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A Few Examples

<n17 ny, n1n2>

o If M= (5,6) and S = {5,6,30}, A°(M) = {1,2,3,4}.
o If M= (511) and S = {5,11,55}, AS(M) = {2,4,6}.
o If M =(12,29) and S = {12,29, 348},

A3 (M) ={1,2,3,4,5,6,11,17}.
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A Few Examples

<n17 ny, n1n2>

o If M=
o If M=

5,6) and S = {5,6,30}, AS(M) = {1,2,3,4}.

(
(5,11) and S = {5,11,55}, AS(M) = {2,4,6}.

o If M =(12,29) and S = {12,29, 348},
A3 (M) ={1,2,3,4,5,6,11,17}.

For each m € M, there exists k € Ng such that
A°(m) = A3 (knyny).

Jay Daiglegerald.daigle@pomona.eduPomona College Non-Minimal Factorization in Numerical Monoids



A Few Examples

<n17 ny, n1n2>

o If M= (5,6) and S = {5,6,30}, A°(M) = {1,2,3,4}.
o If M= (511) and S = {5,11,55}, AS(M) = {2,4,6}.
o If M =(12,29) and S = {12,29, 348},

A3 (M) ={1,2,3,4,5,6,11,17}.

Lemma

For each m € M, there exists k € Ng such that
A°(m) = A3 (knyny).

| A\

Proposition

Let M = (ny1, ny) be a primitive numerical monoid and let
S ={n,ny,ninp}. Then AS(M) = AS( ("2—_1)> n1n2> )

ged(m—1,m—n
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A Few Examples

Some Less Nice Examples

Jay Daiglegerald.daigle@pomona.eduPomona College Non-Minimal Factorization in Numerical Monoids



A Few Examples

Some Less Nice Examples

° If M =(3,8) and S = {3,8,96},
AS(M) = {1,2,3,4,5,6,11}.
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A Few Examples

Some Less Nice Examples

o If M=(3,8) and S = {3,8,96},
A3 (M) ={1,2,3,4,5,6,11}.
o If M = (6,11) and S = {6,11,48}, A>(M) = {1,2,3,5,7}.
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A Few Examples

Some Less Nice Examples

o If M=(3,8) and S = {3,8,96},

A3 (M) ={1,2,3,4,5,6,11}.
o If M = (6,11) and S = {6,11,48}, A>(M) = {1,2,3,5,7}.
e {1,2,3,5,8,13}.
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Many Extra Generators
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Many Extra Generators

Shrinking the Delta Set

We consider M = (2, 7).
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Many Extra Generators

Shrinking the Delta Set

We consider M = (2, 7).
o For S ={2,7}, AS(M) = {5}.
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Many Extra Generators

Shrinking the Delta Set

We consider M = (2, 7).
o For S ={2,7}, AS(M) = {5}.
o For S ={2,4,7},A5(M) = {1,2}.
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Many Extra Generators

Shrinking the Delta Set

We consider M = (2, 7).
o For S ={2,7}, AS(M) = {5}.
o For S ={2,4,7},A5(M) = {1,2}.
o For S =1{2,4,6,7}, A°(M) = {1}.
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Many Extra Generators

Shrinking the Delta Set

We consider M = (2, 7).
o For S ={2,7}, AS(M) = {5}.
o For S ={2,4,7},A5(M) = {1,2}.
o For S =1{2,4,6,7}, A°(M) = {1}.

Let M be a primitive numerical monoid, and {ny, ..., ny} be any
generating set for M.

For all N > [’;—:-‘ ng, if welet S ={me M| m< N}, then
A°(M) = {1}.
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Many Extra Generators

Growing the Delta Set
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Many Extra Generators

Growing the Delta Set

Returning to our example M = (2,7), we see that if we let
S ={2,7,100}, we get AS(M) = {1,2,3,4,5,9,14}.
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Many Extra Generators

Growing the Delta Set

Returning to our example M = (2,7), we see that if we let
S ={2,7,100}, we get AS(M) = {1,2,3,4,5,9,14}.

For any numerical monoid M and all n € N, there is a finite
generating set S such that |A%(M)| > n.
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One Extra Generator
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One Extra Generator

Kaplan's Theorem

Let M = (ny, np, n3) be a numerical monoid with ny < ny < n3.
Then max(A(M)) = max(A(kini) U A(ksnz)), where
ki = min{k | kny € (n2,n3)} and k3 = min{k | knz € (n1, n2)}.
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One Extra Generator

Kaplan's Theorem

Theorem

Let M = (ny, np, n3) be a numerical monoid with ny < ny < n3.
Then max(A(M)) = max(A(kini) U A(ksnz)), where
ki = min{k | kny € (n2,n3)} and k3 = min{k | knz € (n1, n2)}.

Corollary

Let M = (n1, n2) be a numerical monoid, and let
S ={n1, nz, iny + jn2}.
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One Extra Generator

Kaplan's Theorem

Theorem

Let M = (ny, np, n3) be a numerical monoid with ny < ny < n3.
Then max(A(M)) = max(A(kini) U A(ksnz)), where
ki = min{k | kny € (n2,n3)} and k3 = min{k | knz € (n1, n2)}.

Corollary

Let M = (n1, n2) be a numerical monoid, and let
S ={ny,ny,iny + jny}.Then
Q Ifj # 0 max(A3(H)) = max{ny — ny,i+j—1}.
Q Ifj=0and ny <s, max(A°(H)) =i — 1.
Q@ Ifj=0ands < ny,
max(A>(H)) = max{i — 1,[na/i] + [na/i] — ni}.
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One Extra Generator

How Little Can They Change?
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One Extra Generator

How Little Can They Change?

Let M = (n1, n2) be a primitive numerical monoid and
S ={m,ny,iny + jno} withi <ny. Theni+j—1¢€ AS(M).
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One Extra Generator

How Little Can They Change?

Lemma

Let M = (n1, n2) be a primitive numerical monoid and
S ={m,ny,iny + jno} withi <ny. Theni+j—1¢€ AS(M).

| \

Theorem

Let M and S be as above. Then A(M) = A°(M) if and only if
i+j—1=ny—ny.
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One Extra Generator

How Little Can They Change?

Lemma

Let M = (n1, n2) be a primitive numerical monoid and
S ={m,ny,iny + jno} withi <ny. Theni+j—1¢€ AS(M).

Theorem

Let M and S be as above. Then A(M) = A°(M) if and only if
i+j—1=ny—ny.

Theorem

Let M and S be as above. Then |A°(M)| = 1 if and only if one of
the following two conditions hold:

Q@ /i+j—1=n—n.
@ j=0and I(i+j—1)=ny— ny such that | < [na/i].
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One Extra Generator

rvals as Delta Sets
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One Extra Generator

Intervals as Delta Sets

Proposition

Let M = (n1, np) be a primitive monoid, and let
S = {n1, np, iny + jmy}. Suppose i +j=2. Then AS(M) = [1, k]
for some k.
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One Extra Generator

Intervals as Delta Sets

Proposition

Let M = (n1, np) be a primitive monoid, and let
S = {n1, np, iny + jmy}. Suppose i +j=2. Then AS(M) = [1, k]
for some k.

Theorem

| \

Let M = (ny1, ny) be a primitive monoid and let i,j € Ng such that
i+j—1=k(ny— n1) = ka for some k > 0. Then if
S = {nl, Ny, ing —1—jn2}, AS(M) = {a, 2a,. . ., ka}.

N
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One Extra Generator
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One Extra Generator

@ Sampling suggests that ‘'most’ delta sets are nice.
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One Extra Generator

@ Sampling suggests that ‘'most’ delta sets are nice.

@ Hard to prove a set isn't a delta set.
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One Extra Generator

@ Sampling suggests that ‘'most’ delta sets are nice.

@ Hard to prove a set isn't a delta set.

Let n1, ny be positive relatively prime integers, and let
M = (ny,np). Leti,j € Ng, and let S = {ny, na, iny + jno}. Then
if AS(M) = {1,k}, k =2.
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I'd like to thank
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