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Introduction

My research focuses on the subject of number theory, and in particular using algebraic
tools and various group representations to study number-theoretic questions. I am currently working on two research projects: one using (φ, Γ)-modules to study the equivariant
Tamagawa number conjecture, and one using the recently-developed tools of supercharacter
theory to study number-theoretic identities.

2
2.1

The equivariant Tamagawa number conjecture
An overview of the Tamagawa number conjecture

The Tamagawa number conjecture of [BK90] is a deep conjecture about special values of Lfunctions, which relates to both the Birch and Swinnerton-Dyer conjecture and the Riemann
zeta function (and in fact the Birch and Swinnerton-Dyer conjecture is a special case of the
Tamagawa number conjecture). The conjecture also has close ties to the main conjecture of
Iwasawa theory.
Given a “motive” M (which can be thought of as a smooth projective variety X over Q
with some cohomological data attached), we can write an L-series
Y
L(M, s) =
Pp (p−s )−1
(1)
p

where Pp (T ) = det(1 − F rp−1 · T ) (where F rp is the Frobenius operator on a certain space)
is a polynomial, conjectured to lie in Q[T ]. This L-function is a complex series which is
conjectured (and known in many cases) to converge for <(s)  0. The Tamagawa number
conjecture holds that L(M, s) has a meromorphic continuation to the complex plane, and
predicts the behavior at zero. That is, we can write a Laurent series centered at zero
L(M, s) = L∗ (M )sr(M ) + . . .
and the Tamagawa number conjecture predicts L∗ (M ) ∈ R and r(M ) ∈ Z.
If L is a number field and M = h0 (L)(0), then L(M, s) is the Dedekind zeta function
Y
L(M, s) = ζL (s) =
(1 − NK/Q (P ))−s
p⊂OK

Then the Tamagawa number conjecture is equivalent to the analytic class number formula:
if L ⊗Q R ∼
= Rr1 × Cr2 then r(M ) = r1 + r2 − 1 and L∗ (M ) = −hR/w where R is the
regulator of L, w the number of roots of unity in L, and h is the class number of OL .
If X is an abelian variety over a number field and M = h1 (X)(1) then L(M, s − 1) is the
classical Hasse-Weil L-function of the dual abelian variety and thus also of X. In particular,
if X is an elliptic curve over Q then the Tamagawa number conjecture implies the Birch
and Swinnerton-Dyer conjecture, which holds that r(M ) is the rank of the elliptic curve and
L∗ (M ) is given by various arithmetic data associated to X.

Statement of Research Interests

Jay Daigle

The conjecture of [BK90] was later refined by [FK06] and others to an equivariant statement, using algebraic K-theory, which can incorporate information from a Q-algebra acting
on M . We can investigate this equivariant conjecture “locally,” on each of the Pp factors of
the L-function.
We are far from being able to prove the equivariant Tamagawa number conjecture in full
generality, but progress has been made on easier cases. The analytic class number formula
has been known at least since Dirichlet, and the Birch and Swinnerton-Dyer conjecture is
an area of active research with many partial results; in their original Tamagawa number
conjecture paper, [BK90] show that the Tamagawa number conjecture, and thus the lprimary part of the Birch and Swinnerton-Dyer conjecture, holds for elliptic curves with
CM. They also spend some time addressing a motive known as the Tate motive.

2.2

The equivariant Tamagawa number conjecture for the Tate motive

The Tate motive Q(r), is the formal inverse to the Lefschetz motive attached P1 . It is
associated to the classical Riemann zeta function, since its L-function over Q is L(s, Q(r)) =
ζ(s + r). It is difficult to define in generality, but the Tate motive over the field Qp is simply
Qp acted on by the rth power of the cyclotomic character—that is, if χcyclo : Gal(Qp /Qp ) →
cyclo
Z×
(γ)r · x.
p is the cyclotomic character, then Qp (r) has the action γ · x = χ
The Tamagawa conjecture for the Tate motive over a finite extension K/Qp can be
stated:
Conjecture 2.1 (local Tamagawa number conjecture for Tate motives). There are elements
(K/Qp , 1 − r), [Cβ ] ∈ K1 (Qp [Gal(K/Qp )]) such that if β ∈ H 1 (K, Zp (1 − r)) spans a free
Zp [Gal(K/Qp )]-submodule, then the element


1 − pr−1 φ
∗
[(r − 1)!] · (K/Qp , 1 − r) · [per(exp (β) ⊗ 1)] · [Cβ ] ·
(2)
1 − p−r φ−1
ur
of K1 (Qur
p [Gal(K/Qp )]) lies in the image of K1 (Zp [Gal(K/Qp )]).

The case where r ≥ 2 and K is an unramified extension of Qp was proven in [BK90]
modulo a power of 2 (and modulo an additional conjecture if r is odd). The proof has three
ingredients. First, there is a reciprocity law involving the Bloch-Kato exponential, allowing
∼
explicit computations of the map exp : K →H 1 (K, Ẑ(r)) ⊗ Q. Second, there is the Coleman
exact sequence
0 → Zp (1) → U 0 →φ OK JπKψ=0 → Zp (1) → 0,
(3)

where U 0 is the pro-p part of U = limn (OK [ζpn ]× ). Third, there is a basis for the space
←−
OK JπKψ=0 over OJGal(K∞ /K)K: specifically, OJπKψ is a rank-1 OJGal(K∞ /K)K-module (see
[PR90]).
There are a few alternate proofs of the reciprocity law of [BK90] , but all of them depend
on the exact sequence (3), and neither this exact sequence nor the reciprocity law have easy
or obvious generalizations to the case where K is ramified over Qp .

2.3

Using (φ, Γ)-modules

In my thesis I constructed a new and more easily generalizable proof which uses neither the
reciprocity law nor the Coleman exact sequence. Instead, I use a reciprocity law from [CC99]
2
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to translate conjecture 2.1 into a statement about the image of a certain (φ, Γ)-module under
the dual map to the Perrin-Riou exponential:
Theorem 2.2 (Cherbonnier-Colmez IV.2.1). Let p be a prime and let K/Qp be finite. Let
∼
1
Exp∗Qp : HIw
(K, Qp (1))→Aψ=1
K (1) be the inverse of the Perrin-Riou exponential. Let Tm be
defined for any K(ζpn ) as pm−n TrK(ζpn )/K(ζpm ) and extend it linearly to KJtK. Then
1
1. If n is large enough and µ ∈ HIw
(K, Qp (1)), then Tm (φ−n (Exp∗Qp (µ))) is an element
of K(ζpm )((t))(1) independent of n.
1
2. If n is large enough and µ ∈ HIw
(K, Qp (1)), then

 X
(Tm ◦ φ−n ) Exp∗Qp (µ) =
exp∗Qp (1−r) prm,r (µ) ⊗ tr−1

(4)

r≥0

where prm,r is the projection of the Iwasawa cohomology onto its mth component, with
a twist by r.
This reciprocity law does not require that K/Qp be unramified, but holds for arbitrary
1
(K, Qp (1)) to exp∗ on H 1 (K, Qp (1 −
finite extensions of Qp . Since this relates Exp∗ on HIw
r)), I used it to prove:
Proposition 2.3.
1. The ring Aψ=1
K (1) mentioned in Theorem 2.2 is a rank one ΛK =
Zp [Gal(K/Qp )] ⊗Zp Λ-module, where Λ is the Iwasawa algebra.
2. If α is spans a free ΛK -submodule of Aψ=1
K (1), and for some m ≥ 0 β spans a free
Zp [Gal(K(ζpm )/Qp )]-submodule of H 1 (K(ζpm ), Zp (1 − r)) as in theorem 2.2, then
 r−1

d
α
∗
−n
.
(5)
Tm φ
exp (β) =
dtr−1
(r − 1)! t=0
Though this result is technical and uninteresting in itself, it turns out that if α is known,
the quantity on the right-hand side of (5) is easy to calculate if you know α explicitly. A
generalization by [PR90] of the Coleman exact sequence allows us to calculate α for K/Qp
unramified, and thus proves:
Theorem 2.4. If r ≥ 2, p > 2, and K/Qp unramified, then the the local Tamagawa number
conjecture holds for the Tate motive Qp (r) over K and over K(ζp ).
This gives a new proof of the result of [BK90], and easily extends to the tamely ramified
case of K(ζp ). I have not yet extended this method to K(ζpm ) for any m > 0, but the
difficulty lies almsot entirely in computing the appropriate (K(ζpm )/Qp , 1−r); this method
easily determines the actual element described in (2). I am also working with Matthias Flach
to prove conjecture 2.1 for any tamely ramified extension K/Qp , but while we are confident
in our approach the details are not quite complete.

2.4

Research Goals

My most immediate research goal is to finish our extension of Theorem 2.4 to all tamely
ramified finite extensions K/Qp . Perrin-Riou’s generalization of the Coleman sequence does
not allow us to compute an exact α, but a careful combinatorial argument on Aψ=1
mod p
K
seems to show that the conjecture holds.
3
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In the medium term, I would like to extend our results to p = 2; this is not in principle
difficult, but requires dealing with some unpleasant details which are not present in the
case where p is odd. I also plan to work on computing the (K(ζpm )/Qp , 1 − r) factor for
m > 1. This would allow us to prove conjecture 2.1 for cyclotomic extensions of unramified
extensions of Qp , and possibly of tamely ramified extensions as well.
In the long term, I’d like to use these and similar techniques to study other motives
and their L-functions as well. The reciprocity law of Theorem 2.2 applies to any Galois
representation, not just Qp (r), and thus can be used to study motives other than the Tate
motive. The field of (φ, Γ)-modules is still developing and I hope to sharpen these tools,
and apply them to reveal more about L-functions and the Tamagawa number conjecture.

3

Supercharacter theory

Supercharacter theory is a new approach to studying group characters, recently developed
by André and Diaconis-Isaacs among others ([And02, And95, DI08]). More recently, it
has been shown that a number of number-theoretic exponential sums arise naturally from
supercharacter theories on the group (Z/nZ)d . In particular Ramanujan sums, Kloosterman
sums, Gauss sums, and Heilbronn sums can all be described this way ([BBF+ 14]).
Viewing these sums as supercharacters directly yields a number of non-trivial classical
identities, and almost every algebraic identity involving Ramanjuan sums has been rederived from a supercharacter theory approach ([FGK13]). We can derive bounds on various
exponential sums, including recovering the Heath-Brown bound on Heilbronn sums, and
we can relate exponential sums to finding the number of solutions of a system of algebraic
congruences, which is a long-standing problem in arithmetic geometry ([GHL13]). Further,
plotting the images of these supercharacters produces pictures with interesting and unusual
symmetries (and, perhaps more interestingly, pseudo-symmetries) ([DGL12, BBGG+ 13].
I am working with a group at Pomona College to better understand the graphical properties of supercharacter theories. This is a field rich with possibilities and easily accesible
for joint work with enthusiastic undergraduates, which also has deep ties to bounds on the
magnitude of exponential sums.
I am also working to extend supercharacter theory to a broad realm of applicability.
Supercharacters have only been developed for complex characters, but I have shown that
much of the groundwork can also be implemented for characters into other algebraically
closed fields. It is known from [BBF+ 14] and [FGK13] that complex supercharacter theories
on finite groups have a well-defined Fourier theory, and I am working to extend that theory
to non-complex characters and to all self-Pontryagin-dual groups.

4
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