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Lab 10 Thursday November 17

Notes

Differential Equations

A differential equation is an equation that relates a function to its derivatives. In high school
we had algebraic equations, whose solutions were numbers; the solution to a differential
equation is a function that satisfies the given relationship. For instance, if our differential
equation is x · y′ = 1, then we can rearrange things to get y′ = 1

x
, and we see that a solution

is y = lnx.
Differential equations are useful because many of the natural laws that govern physics,

chemistry, economics, and other applications are easy to express as differential equations;
for instance, the force acting on a spring, and thus the acceleration, is proportional to the
displacement of the spring. This sentence naturally translates to s′′ = −ks, since if s is the
displacement then s′′ is the acceleraion. (And you might notice that this equation is solved
by s(t) = sin(

√
kt), which is the equation for simple harmonic motion).

There is a very deep and general theory of solving differential equations which we will
not discuss in this class; you will get a brief introduction to it if you take Calculus 2. We
can solve a few very special cases in this class.

We can also discuss one specific equation that occurs in a number of physical situations:
the equation that describes exponential growth. One common physical situation is when we
have an amount of “stuff” (people or uranium or bacteria or money, for instance), which we
shall call S; and the rate at which our “stuff” is growing is proportional to the amount of
“stuff”. Since the rate of change is dS

dt
this gives us the differential equation dS

dt
= kS.

Compound Growth

A particular question that differential equations shed surprising amounts of light on, which
is the idea of compound growth. We start by considering discrete compound growth.

Often we have something that grows at a percentage rate. Say a population of bacteria is
growing at a rate of 50% per hour. If it starts at 1000, then after an hour there will be 1500.
After two hours there will be, not 2000, but 2250. We see that after t hours the population
will be 1000 · (1.5)t. We can write this formula as

P (t) = P (0) · (1 + r)t. (1)

Interest payments in particular have an interesting extra issue. In the example above the
interest was compounded once per year–meaning that each year a payment was made, taking
into account the amount of money after the previous year. But sometimes payments were
compounded more often. Rather than making a 4% payment every year, borrowers would
make a 1% payment each of four times per year. In this case we can generalize our formula:
if your payment is compounded n times per year, then

P (t) = P (0) · (1 + r/n)tn. (2)
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Continuous compound growth

The mathematician Jacob Bernoulli in the late 1600s was interested in the idea of contin-
uously compounded interest, which is the limit as the rate of compounding goes to infinity.
This also makes more sense in many natural situations: most growth doesn’t happen in
distinct instantaneous spikes, but happens continuously over time. So we might expect this
to show up in nature.

Mathematically, Bernoulli asked for the limit limn→∞
(
1 + r

n

)n
. You might recognize this

from the definition of e; in fact, we have

lim
n→+∞

(1 + 1/n)n = e

and thus Bernoulli’s limit was er. Thus when something is epxeriencing continuous compound
growth at a rate of r, we have

P (t) = P (0) · ert. (3)

We can find this same equation a totally different way, through differential equations. In
these situations of compound growth, the derivative of the population is not a constant–as
the population gets bigger, it grows faster. (An increase of 50% is bigger when you start
with 1000 than when you start with 10). So the derivative P ′(t) is definitely not constant.
However, the “growth rate” as a proportion of the total population is a constant. We can
express this as

P ′(t) = rP (t) (4)

for some rate r, which we call the relative growth rate.
But we can see that the function of equation (3) satisfies this differential equation! For

P ′(t) = P (0) · ert · r = rP (t).

In Calculus 2 you will see that this solution is unique up to a constant factor (which simply
represents the initial population). Thus equation (3) is the only one we could possibly have
if the relative growth rate is a constant.

Thus whenever we know we have a constant relative growth rate, we know it must be
described by equation (3). We then only need to find two points to determine P (0) and r,
in order to find a complete equation.
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Exercises

Differential Equations

1. Suppose f(x) = ax2+bx+c is a polynomial, and we have f(0) = 0, f ′(0) = 1, f ′′(0) = 2.
What can we say about f(x)?

2. Suppose g(x) = ax2 + bx+ c is a polynomial, with g(1) = 2, g′(2) = 3, g′′(3) = 4. What
can we say about g?

Discrete Compound Growth

1. Suppose a population of animals grows discretely by 3% a year. If we start with 1000
animals, how many will we have after five years?

2. (a) Many bacterial populations, in the absence of resource restrictions, will double
their populations every thirty minutes. If you start with 10,000 bacteria, how
many are there after a day?

(b) If the average bacterium is 10−12 grams, what is the mass of this bacterial growth?
(Note: this should tell you how important those resource constraints are).

3. (a) Suppose you invest $100 at 4% per year, such that you have $104 after one year.
How much money will you have after five years? After ten? After 20?

(b) If your 4% interest is compounded twice per year, then you get a payment of 2%
of your current account balance on July 1 and on January 1. The first payment
will increase your $100 investment to $102; after the second payment, how much
will you have?

(c) What if it is compounded four times per year?

(d) If you invest $100 at a rate of 4%, how much will you have after ten years if you
compound annually? What if you compound quarterly? Four hundred times per
year? Which would you prefer?

Continuous Compound Growth

1. Continuously Compounded Interest

(a) If you invest $100 at a rate of 4%, how much will you have after ten years if you
compound continuously? Is this better or worse than the earlier options?

(b) If you invest $1000 at a rate of 3% compounded continuously, write an equation
for how much money you will have after t years. (This equation should involve the
number e). How much money will you have after five years? After ten?

2. Population modelling

(a) In real life, we often want to find solutions to differential equations in order to
model something we’ve observed. To do this we need an “initial condition”–some
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particular data point. If a population is growing at a monthly rate of 10% and has
100 members at the start of the process, what is the equation for P (t)?

(b) What if the population is growing at a monthly rate of 5% and has 116 members
after three months (at t = 3)? What is the equation in this case?

(c) What if the population is growing at a yearly rate of 7% and has 71 members after
five years?

3. Human Global Population Modelling

We can use these tools to model the global growth of human population. If we assume
population growth is exponential, we generally get pretty reasonable numbers.

(a) The population of earth was 3 billion people in 1960, and 4 billion people in 1975.
Write an equation giving the population of the earth as a function of time.

(b) What do you estimate the population to be in 2020?

(c) In what year would you expect population to hit 12 billion?

(d) The actual population in 2020 is estimated to be 7.7 billion. What does this tell
you about your model?

4. Radioactive Decay

Another standard example of a natural phenomenon with this behavior is radioactive
decay. Radioactive substances decay randomly: each atom has a random chance of
decaying at any given time. Thus the number of atoms that decay is proportional
to the total number of atoms. If M(t) is the mass of radioactive substance, then
M ′(t) = kM(t). The speed of radioactive decay is often described by the ”half-life,”
which is the amount of time it takes for half of a substance to decay.

(a) The half-life of Radium-226 is 1590 years. How much of a 100g mass will be left
after 1000 years? (Note that here you need to figure out both k and M(0)).

(b) How many years will it take to have 30 grams left?

(c) The half-life of carbon-14 is 5730 years. If an object had 100g of carbon-14 origi-
nally, and has 60g now, how old is it?
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