Math 214 Spring 2020
Linear Algebra HW 4 Solutions
Due Thursday, February 27

1. (a) Write z + 2 + 2% as a linear combination of z, x + 222, 2* — 42°.

Solution: We want to solve the equation ax+b(z+22%)+c(2?—42?) = r+2?+23.
This gives us (a + b)x + (2b + ¢)2? — 4ca® = v + 2® + 2°, so we have the system

a+b=1

2b4+c=1

—4c=1
which gives the augmented matrix
11 0|1 1 10 1 11 0] 1 1 0 0| 3/8
02 1 |1|—=|02 0|54 —=1]010]5/8|—=1]010]|D5/8
0 0 —4]1 00 1|-1/4 00 1|-1/4 00 1|-1/4

Thus we see that
3 5 1
z+at+ad = gvt g(:v +22%) — Z(mQ — 42°).

(b) Write 4z + 62® — 2° as a linear combination of x + 23, 2% + 2°, and x + 2°.

Solution:  We can do this by trial and error, or systematically. The most
systematic approach is to write the equations

dr + 627 — 2° = a(x + ) + b(2* + 2°) + c(z + 2°) = (a + )z + (a + b)z® + (b + ¢)a”
and thus we get
d=a+c 6=a+b —1=b+c

We have a = 4—c, and thus b = 6—a = 6—4+c = c+2, and thus —1 = b+c = 2¢+2
and thus ¢ = —3/2. Then a = 11/2 and b = 1/2. So we have

4o+ 62% — 2° = 11/2(x + 2°) + 1/2(2® + 2°) — 3/2(x + 2°).

2. Let V =R3,



(a) Is S ={(1,2,3),(2,3,4),(3,4,5)} a spanning set for R3?
Solution: We try to solve

a 1 2 3 o1 + 2000 + 3oz
bl =a1 |2 +a |3] +a3 |4] = |27 + 3as + das
c 3 4 5 3aq + 4ag + das

and get the system of equations
a= a1+ 209 + 303 b =21 + 3as + 4as c = 3oy + 4oy + Sas.
We get

a1 = a — 209 — 303
3ag =b—2a1 —4daz =b—2(a — 20y — 3ag) — 4o
=b—2a+ 4oy + 203
ay =2a —b—2a3
baz = ¢ —3ay —4dag = ¢ — 3(a — 20 — 3ag) — 4oy
=c—3a+ 20y + 93 = ¢ — 3a + 2(2a — b — 2a3) + a3
=c+a—2b+ bag
O=c+a—2b
Thus any vector in the span must have 2b = a + ¢, and so the set does not span
V.
(b) Is T ={(1,2,3),(2,3,4),(0,1,1)} a spanning set for R3?
Solution: We try to solve

a 1 2 0 a1 + 20
b| = aq 2 + 3 + ag 1| = 20&1 + 30&2 + a3
c 3 4 1 301 + dag + a3

and get the system of equations
a= o1+ 2a9 b=2a1 4 3as + ag c = 3a; + 4das + as.
We get

a1 = a— 200

3ag =b—207 —az3 =b—2(a — 2a3) — dag
=b—2a+ 4oy — 4as

oy = 2a — b+ 4as

az =c¢—3a; —dag = ¢ — 3(a — 2a3) — day
=c—3a+ 20y =c—3a+22a—b+ 4a3)
=c+a—2b+4as

az =2/3b—1/3a —1/3c.

Since these equations have a solution, T is a spanning set for R3.
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3. (a) Is S ={(1,1,0,0),(1,-1,0,0),(0,0,1,—1),(0,0,—1,1)} a spanning set for R*?
Solution: We solve

a 1 1 0 0 o + a9
b —a 1 + o —1 +a 0 +a 0 _ a1 — (g
c 110 210 Pl -1 g — oy
d 0 0 -1 1 —a3 + oy

which gives us the system of equations
o+ oy =a ap—ay=2b 3 — Q= C ay—az=d

and we see that we must have ¢ = —d, so the set does not span.
(We see that we would have oy = (a +b)/2 and as = (a — b)/2).

(b) Is T ={1,1+ 2,1 + x*} a spanning set for Py(z)?
Solution: We want to solve

a+br +cr? = ap(1) + (1 +2) + ao(1 + %) = (o + a1 + az) + 7 + apx®
which gives us the system
a=qay+ o)+ oo b=y C= Oy
which has the solution
Q9 = ¢ a;=b ag=a—b—c
Thus this is a spanning set.

4. Suppose S = {vy,Vs,...,v,} C V is a spanning set for V. Prove that T' = {vy, vy —

Vi,V3 — Va,...,V, —V, 1} is a spanning set for V.

Solution: Suppose we have an element u € V. Since S is a spanning set for V', this
means that u is a linear combination of elements of S, so there exist by,...,b, such
that

u=ayvy+---+a,vy,
so we want to solve the equation

a1vi+ -t apvy, = vy + ag(Ve — vi) + o 4 (Vi — Vi)

= (a1 —)vi+ -+ (A1 — Q) Vo1 + @ Vy
which gives us the system
a; = 1 — Q9 Ap—1 = Op—1 — Oy Ap = Oy,
and we can solve this to get

Op = Ap Qp—1 = Qp—1 + Qp = Ap—1 + Ay

a1:a1+a2+a3+~~+an.

Thus u € span(7T). Since u was an arbitrary vector in V', this means that 7" spans V.



d.

(a)

Is S={(1,1,1),(1,1,0),(1,0,0)} a linearly independent set?
Solution: Suppose

0 1 1 1 a+b+c
Of =a |l +b|1| +c (0] = b+ c
0 1 0 0 c
Then we have the system
a+b+c=0 b+c=0 c=0

from which we see that ¢ = 0, and thus b = 0—c=0and a =0—-0—c =
0—0—0=0. Thus S is linearly independent.

Is T =1{(1,2,3),(4,5,6),(7,8,9)} a linearly independent set?
Solution: Suppose
a—+4b+Tc

2a + 5b + 8¢
3a + 6b + 9¢
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Then we have the system
a+4b+7c=0 2a +5b+8c =0 3a + 6b+ 9¢ = 0.
Then we have

a=—4b—"Tc

bb = —2a — 8¢ = —2(—4b — 7c) — 8¢ = 8b + 6b¢
b= —2c

a=8—Tc=c

c=—a/3—2b/3 =—c/3+ 4c/3.

In particular we see that if ¢ = 1,a = 1,0 = —2 then we have a solution to this
system.

Alternatively, we can simply notice that

© 0
S O

1
= (=1) |2] +2
3

and thus the set is not linearly independent, since we can write one element as a
linear combination of the others.

IsU={(3,7,5),(2,4,2),(1,3,1)} a linearly independent set?
Solution: Suppose

0 3 2 1 3a+2b+c
Ol =a |7 +b0 14| +c|3| = |Ta+4b+ 3¢
0 5 2 1 5a +2b+c



Then we have the system
3a+2b+c=0 Ta+4b+3c=0 5a+2b+c=0.

We can subtract the first equation from the third to see 2a = 0 and thus a = 0.
Then we have ¢ = —2b and 4b = —3¢c = 6b so b = 0 and then ¢ = 0. So U is
linearly independent.

6. (a) Is S={1+=z,1+ 2% z+ 2%} a linearly independent set?
Solution: Suppose

0=a(l+z)+b(1+2*) +c(x+2?) =(a+b)+ (a+c)r+ (b+c)x’.
Then we have the system
O=a+b O=a+c =b+ec.

This tells us that a = —b from the first equation, and thus b = ¢ from the second,
and thus 2¢ = 0 from the third. Thus ¢ = 0, and then b = 0 and a = 0. So S is
linearly independent.

(b) Is T = {1 + 2,1+ 2% z — 2*} a linearly independent set?
Solution: Suppose

0=a(l+2z)+b(1+2%) +clx—2*)=(a+b)+ (a+c)x+ (b—c)a’
This gives us the system
O=a-+0 0O=a+c 0=0b-—c

This gives us b = ¢, and then the other two equations become the same; so we see
that if c =1 then b =1,a = —1 is a solution to the system.

Alternatively, we can notice that
1+z)—(1+2)=01-1)+z—2*=2—2?

so T is not linearly independent because one of the vectors can be written as a
linear combination of the others.

(c) Is U = {sin?, cos?, 1} a linearly independent set?
Solution: We don’t have an easy way to turn this into a system of linear
equations. But we can notice (or recall from class) that sin® +cos? = 1. Thus U

is not linearly independent, since one vector can be written as a linear combination
of the others.

7. (%) Suppose S = {vy,...,v,} is linearly independent in V', and T' = {v; +w,..., v, +
w} is linearly dependent in V. Prove that w € span(.S).
Solution: Since T is linearly dependent, we have constants aq,...,a, not all zero

such that
O=a(vi+w)+-+ap(vy,+w).



We can rearrange this equation to give

—(a1 4+ Fa)w=a;vy + -+ + a,vy.

We would like to divide by —(a; + -+ + a,), but we may only do this if we know
a; + -+ 4+ a, # 0, so we need to prove that somehow. So suppose for contradiction
that a; + - - - + a, = 0. Then our previous equation becomes

O=a1vi+ -+ a,v,.

Since S is linearly independent, we know that a; = --- = a,, = 0; but by hypothesis
we know that some a; is nonzero, which is a contradiction. Thus we must have a; +
o ta, #0.

Then we have the equation

— —Qn
a1+...+an a1+...+an

Then we have written w as a linear combination of vectors in S, so w € span(.5).

. Prove that a set S = {u, v} of two vectors is linearly dependent if and only if one is a
scalar multiple of the other.

Solution: Suppose S is linearly dependent. Then there is some solution to 0 = au+bv
where the coefficients are not both zero; without loss of generality assume a # 0. Then
we can write u = —b/av and thus one vector is a scalar multiple of the other.

Conversely, suppose u is a scalar multiple of v, that is, suppose there is a scalar a with
u = av. Then we can write 0 = (—1)u + av. Since —1 # 0, we have written 0 as a
nontrivial linear combination of u and v, so S is linearly dependent.



