Jay Daigle Occidental College Math 395: Real Analysis II

What’s an Integral, Anyway?

The main goal of this class is to develop a more in-depth understanding of the integral.
To support this understanding we will first develop a sophisticated approach to the idea of
measure, which tells us how large a set is. (You can think of this as a useful generalization
of “area” or “volume”.)

You probably remember the Riemann integral, from either Analysis I or Calculus II.

Definition 0.1. Let f : [a,b] — R. We say f is Riemann Integrable on [a,b] if there is a
number I € R so that, for any € > 0, there is a 6 > 0 such that, if S is a Riemann sum
corresponding to a partition of width less than §, then |S — I| < e. In this case we say that
I is the Riemann Integral of f and write [ = fab f(z)dx.

This definition is perfectly serviceable, but it has a few major issues. One is just that
it’s incredibly awkward to state, and difficult to use to prove things.

Second, there are a lot of functions that this definition doesn’t quite apply to. You
may remember so-called “improper” integrals from calculus II: these are integrals either
over unbounded sets, like [~ e~ dz, or integrals of unbounded functions like fol \/LE dz. In
either case the Riemann integral does not actually converge, and we need to use an awkward
limiting process to even define, let alone compute, the integral.

Third, there are many sets we can’t integrate over. A Riemann integral can integrate over
sets like [1,3] but not over sets like the rational numbers or the Cantor set. As something

of a corollary, we can consistently integrate continuous and nearly-continuous functions, but

we can’t integrate messy functions like

(z) = 1 z€Q
L I

Fourth, and perhaps most importantly, the Riemann integral doesn’t interact well with
limits of sequences of functions. If f,, is a sequence of functions, we would like to prove a

theorem like

lim / fo(2) dr = / lim f(r)de.

n—in fty

However, this is unfortunately false. An easy example is to define

An’x 0<z< %
fo(z) =< 4n — 4n’x ﬁx < %

0 %<m§1
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This looks complicated, but the graph is just an isosceles triangle with base fracln and
height 2n, and thus total area 1. So we know that for each n, fol fo(z)de = 1.

However, for any fixed x € [0, 1], it’s easy to see that lim, . fn(x) = 0. So if f is the
pointwise limit of f,,, we have f =0 and fol f(z)dxr = 0. Thus

1

1
lim [ fu(z)de=1#0= / lim f(z)dx.
0

n—oo 0 n—oo

A new definition of the integral can’t fix this example; the triangles under the f, have
area 1, and the pointwise limit is zero, and no amount of redefinition will fix that. But the
Lebesgue integral we will define makes it easy to see exactly why this example breaks—and
makes it easy to prove that in “most” cases, our desired theorem is actually true.

In the process of building our new and improved approach to the integral, we will develop
ideas that help us understand probability better. Tu solve the problems with our integral
we will find a way to define the measure or volume of a set. But if we have a collection of
possible events, we can treat the probability of something hpapening as the measure of the
set of events in which it happens.

If we are rolling a six-sided die, each side appears with probability or measure %, and we
don’t need any sophisticated tools to establish this. But if we are choosing a real number

between zero and one, how do we describe the probability of getting a rational number? This

will require a bit more work. And that work is where the content of this course starts.
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1 Euclidean Space

In this section we will review the basic properties of real Euclidean space. Most of them
should be familiar to you from Analysis I (Math 310), but I'll collect them here so you can

remember the important bits, and also have a useful reference.

1.1 Set Theory

We write R for the set of real numbers, and R" for the set {(x1,...,z,) : z; € R} of n-tuples
of real numbers. This is a special case of the Cartesian product of sets. If Aq,..., A, are all

sets, then

HAi:AlX"‘XAn:{<a17---7an>:ai€Ai}'
i=1

We recall the set operations including union A U B, intersection A N B, set complement
A% and set difference A\ B. We also have inclusion A C B and containment A > B. If
AN B = & the empty set, then A and B are disjoint.

In this course we will often want to talk about unions and intersections of many sets. We
often use I to stand for an index set, such that for each i € I we have a corresponding set
A;. Then we can write

UA" = {a:3Ji € I such that a € A;};

iel

ﬂAi ={a:Vielac A}

iel
If the index set I is the natural numbers N = {1,2,3,...}, instead we often write ;- A4,
or (e, Ai.

There are a couple of important principles about set intersection and union.

Fact 1.1 (De Morgan’s Laws). Let I be an index set. Then

) e

el el
C
(ﬂ AZ-) =JA¢
el el
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Definition 1.2. Let A;, As,... be a sequence of sets. We define

limsup Ay = ﬁ (G Ak> ,
k=j

k—o00 .
lim i = .
11?_1)&& A U (ﬂ Ak>
=1 \k=j
Proposition 1.3. Let Ay, A, ..., be a sequence of sets. Then

limsup Ay = {a : a € Ay, for infinitely many k € N}.

k—o0

Proof. If a € Aj for infinitely many k& € N, then a € UZOZJ Ay for any 5 € N. Thus
a € ;2 Uiz, A = limsup_, o, Ay
Conversely, if a € Ay for only finitely many k, then we can choose some jy larger than
all of those k and then a € ;2 Ay Thus a ¢ (2, U,Z; Ax = limsup;_,, Ay,
O

Exercise 1.4. State and prove an analogue of Proposition [1.5 for liminfy_,., Ag.

Now recall that we say a set A is countable if it is either finite or in bijection with the
natural numbers. Informally, A is countable if you can list all of its elements in order. Recall
that N and Q are countable, but R is not.

In fact, if Ay, ..., A, are all countable, then []}_, A; is countable. And if I is a countable

index set and A; is countable for each ¢ € I, then | J._, A; is countable.

el

1.2 Topology and Metric in Euclidean Space

In order to understand sequences and sets, we need a sense of topology: we need to know
which sets are “open”, which tells us which points are close together. To really do analysis,
we need something a bit stronger: we need a metric, which tells us how far apart two points
are.

In Euclidean space we have something even better: a norm.
Definition 1.5. Let x = (21, ...,,) € R". We define the norm of z to be || = /2% + - -+ + 22.
The norm has the following important properties:

Fact 1.6. Let x,y € R", and r € R. Then
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e (Positive definite) |x| > 0, and |x| = 0 if and only if v = 0 = (0,...,0) is the zero

vector.

e (Scalars) |rz| = |r||x|.

o (Triangle Inequality) |x + y| < |z|+ |y|.

This norm gives us a metric:
Definition 1.7. Let z,y € R™. We define the distance between z and y to be d(z,y) = |z—y|.
Exercise 1.8. The distance d : R"™ x R™ — R is a metric. That is, if x,y,z € R"™, then

e (Positive definite) d(x,y) > 0, and d(z,y) = 0 if and only if v = y.

o (Symmetry) d(z,y) = d(y,x).

o (Triangle Inequality) d(x,z) < d(x,y) + d(y, z).

Recall that we can use this metric to define a convergent sequence:

Definition 1.9. Let x € R", and let x1,x9,... be a sequence of points in R". We say that
limy, 00 T, =  if, for every € > 0, there is a N € N such that if n > N then d(z,,x) < e.

From the metric, we can also define open sets.

Definition 1.10. Let x € R” and 0 < r < co. We define the open ball with radius r and
center x to be
B.(z) = B(z,r) ={y € R" : d(x,y) < r}.

We define the closed ball with radius r and center x to be
B,.(z) ={y e R" : d(z,y) < r}.

If € A CR" we say that = is an interior point of A if there is some 0 < r < oo such
that B,(xr) C A. We define the interior of A, denoted A° or A, to be the set of all interior
points of A.

We say that A is open if every z € A is an interior point of A. A is open if and only if
A= A°.

Fact 1.11. This definition of open sets defines a topology on R™. That is:

e J and R™ are open.
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e The union of any collection of open sets is open.

e The intersection of any finite collection of open sets is open.
Exercise 1.12. Find a collection of open sets whose intersection is not open.
Exercise 1.13. Prove that any open ball is an open set.

We say that set is closed if its complement is open. Then
Fact 1.14. e J and R™ are closed.

e The union of any finite collection of closed sets is closed.

e The intersection of any collection of closed sets is closed.

Remark 1.15. Despite what you might think, “closed” and “open” are not opposites. Some
sets are neither open nor closed. (Can you think of one?) Some sets are both open and
closed. Topologists call those sets “clopen”, because mathematicians have terrible senses of

humor.

Definition 1.16. Let x € R” and A C R". We say that x is a limit point of A if for every
r > 0, there is a point y # = such that y € AN B,(x). That is, any open ball around x

contains a point in A that is not z.

Fact 1.17. z is a limit point of A if and only if B.(x) contains infinitely many points of A
for any r > 0.

A set A s closed if and only if it contains all its limit points.

We define the closure of A to be the set
A={r:x € Aorzis a limit point of A}.

We conclude this section with a note on notational convention, quoted directly from
Jones:

Convention: Hereafter we shall strive for consistency in denoting open sets with the
letter G and closed sets with the letter F'. Obviously, any two letters would do, but tradition
is on the side of G and F. In German the noun Gebiet means region, and in French the

adjective fermé means closed.
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1.3 Compact and Bounded

The definition of compactness is one of the most subtle and important in all of topology.

Definition 1.18. Let A C R™. Suppose that, whenever A is contained in a union of open
sets, it is also contained in the union of some finite collection of those sets. Then we say A
is compact.

We can write this in symbolic notation, which will be clearer in some ways and less clear
than others. Suppose that whenever A C J,.; G; and each Gj; is open, then there exist
ir,...,in € I such that A C [Jr_, G;,. Then A is compact.

We can get a grasp of this definition by seeing how it applies to a few easy cases:
Exercise 1.19. Prove that:

o J is compact.

Any finite set is compact.

If A, B are compact, then so is AU B.
e B(x,r) is not compact.
e R" is not compact.

However, this definition is often unwieldy. Fortunately, in the case of Euclidean space

specifically, there is a much easier criterion to check.

Definition 1.20. Let A C R". We say that A is bounded if there is some x € R" and some
r > 0 so that A C B,(x).

Theorem 1.21 (Heine-Borel). Let A C R"™. Then A is compact if and only if it is closed
and bounded.

Proof. Please don’t make me prove this. It’s kinda tedious. O]

There is one more way to think about compactness: we can relate it to sequence conver-

gence.

Theorem 1.22 (Bolzano-Weierstrass). Every bounded infinite subset of R™ has a limit point.
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Proof. Let A be a bounded subset of R™ with no limit points. We shall prove it is finite.
Since A has no limit points, it contains all its limit points, and thus is closed. Since it is
closed and bounded, it is compact.
If z € A, then since z is not a limit point of A, there is some 7, so that B, (x)NA = {z}.
Now clearly A C |
so that A C |

vea Br.(z); and since A is compact, that means there is some finite set [

B,,(x) = U,¢,;{z} which is a finite set. Thus A is finite. O

zel

Exercise 1.23. Fvery bounded sequence in R™ has a convergent subsequence.

Definition 1.24. We say a set A is sequentially compact if every sequence in A has a

convergent subsequence.

Fact 1.25. Fvery compact set is sequentially compact.

Every sequentially compact subset of R™ is compact.

Remark 1.26. In a metric space, compactness and sequential compactness are equivalent.
Thus for our purposes they are interchangeable. But you can construct a sequentially com-

pact topological space that is not compact.

We have one more family of results we wish to prove about compact sets. When we begin
to talk about the volume or measure of a set, we will want to talk about compact subsets of
open sets. So we will conclude by proving a couple results about how well we can fit compact

sets inside open sets.

Lemma 1.27. Let K be compact, and G; be open such that K C |J,c; Gi.
Then there exists an € > 0 such that: for every x € K there exists an i € I such that

(The number € is known as the Lebesgue number for the covering {G;}. )

Note very importantly that there’s a uniformity condition here: we have one ¢ that works

for every x, though each x may work for only one .

Proof. For each x € K, there is an i, such that x € GG;,. Since G;, is open, we can pick an
r, so that Bs, (z) C G,,.
We know that K C |J,cx By, (), and since K is compact and open balls are open, we

can pick a finite set xq,...,z5y € K so that

N

K c|JB., ().

=1
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Take € to be the minimum of these r,,.
Now suppose « € K. Then there is a j such that x € B, (z;), and thus d(z,z;) <rs; <
2ry; —e. Thus Be(x) C By, (25) C Gy,
0

Corollary 1.28. Let K be compact and G be open, with K C G. Then there is an € > 0
such that for all v € K, we have B.(z) C G.

Corollary 1.29. Let K be compact and F' be closed, with K N F = &. Then there exists an
e > 0 such that for every x € K and y € F we have d(x,y) > €.

1.4 Functions and Continuity

Definition 1.30. Let zo € A C R" and let f : A — R™. We say that f is continuous at xg
if for every € > 0 there is a 6 > 0 such that if z € A and d(z, z¢) < 0 then d(f(z), f(z0)) < &.

If f is continuous at z( for every xy € A then we say f is continuous on A.

It’s very important to note that we’re only worreid about x € A for the purposes of this
definition. Thus whether a given function f is continuous at a given point xgy or not can

depend on what we give as the domain of f.
Exercise 1.31. For any fized x € R", the function f(y) = d(x,y) is continuous on R™.

Theorem 1.32. Let ACR" and f : A — R™. Then f is continuous if and only if for every
open set G C R™, ther is an open set H C R™ such that f~'(G) = H N A.

This is basically what it means for a set to be open “in A”: thus f is continuous if and
only if f~*(G) N A is open in A.

In particular, if f: R™ — R™ then f is continuous if and only if f~1(G) C R" is open for
any open GG C R™.

Exercise 1.33. State and prove an equivalent of theorem [1.39 for closed sets.
A useful set of facts for working with this property:
Fact 1.34. Let f : A — B, and suppose X; C A,Y; C B. Then we have
(Uzel l) = Uies f71v)
(mzel 1) = MNies f71%)
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o f (Uiel Xi) = Uies fF(X3)
o f (ﬂiel Xi) C User(X).

Exercise 1.35. Find a function f : A — B and a family of sets X; C A such that
f (ﬂz’el Xi) 7 Uz‘e](Xi)'

Exercise 1.36. Let f : A — B. Then
e f(fT'(Y)) =Y N f(A) for any A C B.
o [7Hf(X)) DX for any X C A.

Proposition 1.37. Let ACR" and f : A — R™. Let K be a compact subset of A. Then
f(K) is compact.

However, this doesn’t work the other way.

Exercise 1.38. Give an example of a continuous function f : R — R and a compact function

K C R such that f~1(K) is not compact.

Corollary 1.39. Let K C R" be compact and f : K — R be continuous. then f attains a

maximum and a minimum value on K.

In math we're often interested in functions which are bijections—which show that two
sets are in at least some sense equivalent. To preserve topological equivalence we want those

invertible functions to be topologically “nice” functions, which in this cae means continuous.

Definition 1.40. Suppose A C R” and B C R™, and f : A — B is a bijection. If f and

f~1 are continuous functions, we say that f is a homeomorphism from A to B.

Exercise 1.41. Suppose A, B are open and f : A — B is a homeomorphism. Prove that f

gives a bijection between the open subsets of A and the open subsets of B.

Finally, recall that sometimes we want our functions to be not just continuous, but

uniformly continuous.

Definition 1.42. Let A CR" and f : A — R™. Then f is uniformly continuous on A if, for
every ¢ > 0 there exists a 6 > 0 such that if 2,y € A with d(x,y) < 6, then d(f(z), f(y)) < e.

Every uniformly continuous function is continuous, but the converse isn’t true. However:

Fact 1.43. If K is compact and f : K — R™ is continouous, then f is uniformly continuous.
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1.5 Distance from a Set

We have a clear definition of the distance between two points, but we often want to know

the distance between a point and a set. This turns out to be a bit subtler but not too bad.

Definition 1.44. Let A C R" be nonempty, and let x € R". The distance from x to A is

the number

d(x, A) = inf{d(z,y) : y € A}.
(Since this is a set of real numbers bounded below by 0, it has an infimum.)

Proposition 1.45. If A C R™ is nonempty and x € R™, then there is a xo € A such that
d(xz,A) = d(z, o).

Proof. O]

Corollary 1.46. If A C R" is closed and nonempty, and x € R™, then there is a xg € A
such that d(x, A) = d(z,x). That is, there is a closest point to x in A.

Exercise 1.47. Let A CR". Then x € A if and only if d(z, A) = 0.
Proposition 1.48. Assume A # @. Then d(z, A) is a continuous function of x.
Proof. For x, 2’ € R™, for any y € A we have that
d(z,A) < d(z,y) < d(z,2") +d(z',y).
Thus d(z, A) — d(x,2") < d(2',y) for any y € A. Thus
d(z, A) —d(z,2") < d(2', A).d(z, A) — d(z', A) < d(z,z').
By symmetry, we also must have
d(z',A) —d(x, A) < d(z,2)
|d(z, A) — d(a', A)| < d(z,z).
[

Theorem 1.49 (Bump Functions). Assume F' is closed, G open, and F C G C R"™. Then

there is a continuous function f : R™ — R such that

0< flr) <1 Vr € R"
flx)=1 Vo e F
f(z)=0 Vo e G°.
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That is, for any closed subset of an open set, we can write a continuous function that is
1 on the closed subset and 0 outside of the open set. Such a function is called an Urysohn

function after Pavel Urysohn.

Proof. This is easy if either F' or G¢ is empty. Otherwise, we can define

d(x,G°)

Jx) = d(z,G°) +d(z,F)

We know that f is continuous by proposition [I.48] since the denominator is never zero. [J
Definition 1.50. Let @ # A C R". The diameter of A is
diam(A) = sup{d(z,y) : x,y € A}.

We know that 0 < diam(A) < oo.
Exercise 1.51. Let @ # A CR"™. Then

e diam(A) = 0 if and only if A contains exactly one point.

e diam(A) < oo if and only if A is bounded.

e diam(A) = diam(A).

e diam(B,(x)) = 2r.
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2 The Lebesgue Measure on R”

2.1 Defining the Lebesgue Measure
2.1.0 The empty set

Define A\(@) = 0.

2.1.1 Special rectangles

We can take a closed interval [a,b] C R, and then we can take a rectangle or box as
I = [al,bl] X [ag,bg] X+ X [an,bn] CR" = {ZL’ e R"™: a; S Z; S bz}

Then we define

n

/\(]) = (bl — al) e (bn — Gn) = H(bz — CLZ‘).

i=1
Exercise 2.1. Let I C R" be a special rectangle. Prove that the following conditions are

equivalent:

3. I is contained in an affine subspace of R™ having dimension smaller than n. (An affine

subspace is a set {xo+ x : x € E} where E is a subspace and o is a fized point.)

We will call these “rectangles” even if they are one-dimensional, or one-hundred-dimensional.
This is mostly because the pictures we’re going to draw are all two-dimensional, and that’s

mostly because those are easy to draw.

2.1.2 Special Polygons

A special polygon is a finite union of special rectangles, each of which has nonzero measure.
All of the sides or edges must be perpendicular to a coordinate axis.

We can define the measure of a special polygon straightforwardly. If I1,..., Iy are spe-
cial rectangles with disjoint interiors, and P = Ufcvzl I, is a special polygon, then \(P) =
Zszl A(Lk)-

This is really the only reasonable definition: if we chop our special polygon into pieces,

we want the measure of the pieces to add up to the measure of the polygon.
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There are two compatibility conditions we should need to check, but they’re tedious and

boring and straightforward to check so we’ll just state them here.

Fact 2.2. e Fuvery special polygon can be expressed as the union of finitely many special

rectangles with disjoint interiors.

e If P is a special polygon, and P =J;_, I, = U,~, Jv are two different ways of writing

P as a union of special rectangles with disjoint interiors, then > ¢ _ M) = >~ Jo.
Proposition 2.3. o If P, C P, then \(Py) < A(P,).

e If P and Py have disjoint interiors, then A(Py U Py) = A(P1) + A(P»).

2.1.3 Open Sets

Here we want to define the measure of any open set. We will follow this by defining the
measure of compact sets, and then extend to arbitrary sets by squeezing them between open

and compact sets.

Definition 2.4. If @ # G C R" is an open set, we define
AG) =sup{A(P): P C G, P is a special polygon} .

We know the set we're taking the supremum over is non-empty, since G' has some interior
and thus contains some rectangle. If the set of polygon measures is bounded then A\(G) is a

real number; if the set is unbounded, then we write A\(G) = oco.

Proposition 2.5. If G is open and P is a special polygon with P C G, then there is another
special polygon P" with P C P' C G and A(P) < A\(P').

Proof. Since P is closed and G is open, we have G N PY open. Let x € G N PC; then there is
an 7 such that = € B,(z) C GNPY, and we can let I be a closed special rectangle contained
in B,(x). Then set P’ = P U I; P’ is a special rectangle, and clearly P C P’ C G. ]

Exercise 2.6. If G is a bounded open set, prove that \(G) < oco.
Proposition 2.7. Let G C R" be an open set. Then
1. 0 < A\G) €

2. MG) =0 if and only if G = @.
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3. A(R™) =
4. If Gy C Gy are open sets, then \(G1) < A\(G3).

5. If Gy, is open for k € N, then

(U Gk) < 3 AMGh).
=1
6. If Gy are disjoint open sets, then
A <|_| Gk> = iA(Gk)
k=1 k=1
7. If P is a special polygon, then \(P) = A(P°).
Proof. 1. By definition.
2. If G # @ then G contains some nontrivial special polygon P. Then A\(G) > A(P) > 0.
3. Exercise.

4. This is basically a property of suprema. If G; C Go, then any special polygon contained

in (G; is also contained in GG5. Thus

{PC G} C{P C Gy}
{MP): PC G} C{N(P): PC Gy}
sup{\(P) : P C G1} Csup{A\(P): P C Gy}

since any upper bound for the larger set is also an upper bound for the smaller set.

5. This one is trickier than it looks. First note that the union is in fact an open set.

Let P be a special polygon such that P C |J;, Gi. Since P is compact, we know there
is a Lebesgue number € > 0 such that, for every x € P, there is a k with B.(z) C Gy.

(See lemma |1.27)).

We know P is a union of non-overlapping rectangles; we can always further subdivide
those rectangles, and thus we can assume that P = U?Zl I; with each I; a special
rectangle of diameter less than 2¢. If we let z; be the center of the rectangle I;, then

we have I; C B.(z;) C Gy, for some k.
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Now we can divide our rectangles up according to their open sets. For each k, define Py
to be the union of all I; such that I; C Gy and I; ¢ G; fori < k. (This second condition
is just to make sure we don’t double-count any rectangle). But every rectangle is

contained in at least one of these open sets, so P = (J;~, Pj.

Most of these Py are empty, since there are only finitely many special rectangles running
around. But each non-empty P, is a special polygon, with P, C Gj. And we know the

Py, have disjoint interiors. Thus we know that
N N 0o
MP) =D "MP) <Y MG <D MG).
k=1 k=1 k=1

But we've shown that for any special polygon P C |Gy, we have A(P) < >~ A(Gy).

Thus we have
A (G Gk> = sup {)\(P) P C UGk} < i)\(Gk).

6. We already know that A| |Gy < > A(Gg) by property 5. So we just need to show the
reverse, that Y A(Gy) < M| | G.

For each k, let Py be a special polygon with P, C Gj. Then the P, are disjoint, and

for any n € N we have

3

AP = A (O Pk) <A <|i| Gk>

k=1

Since this is true for any special polygons P, C Gy, we know that the union is an upper

bound for any polygons; thus it’s an upper bound for the supremum, and we get

i)\(Gk) <A (D Gk> .

Then this statement is true for any finite sum on the left, so it must still be true in

the limit; so we have

iA(Gk) <A (E| Gk> .

And this is what we needed to show.
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7. It’s easy to see that \(P°) < A(P) (though not completely trivial). If @) is a special
polygon with @ C P°, then @ C P and thus A\(Q)) < A(P). This is true for any @, and

thus we have

A(P?) = Sup, Q) < A(P).

Now we need to prove the other direction. We’'ll start by proving it for special rectan-
gles. If I is a special rectangle, then for any € > 0 we can find a rectangle I’ C I° such
that A(I') > A(I) — ¢ (by simply shrinking each dimension by {/2/2 or something like
that).

This tells us that A\(I°) > A(I) —e. But this is true for any ¢ > 0, so we have
AI°) > X(I).

Now if P is a special polygon written as a union of non-overlapping special rectangles

I, then | J;_, I} is a disjoint union contained in P°. Thus

MP) =" ML) < DA < AP
]

Exercise 2.8. Prove that every nonempty open subset of R can be written as a countable
disjoint union of open intervals G = J k(ax, by), and this expression is unique.
Then conclude that N(G) = 3, (by — ax).

Remark 2.9. In R we can use this as our construction, but it doesn’t really generalize to R"

easily. You can make that work, but it’s even more painful.

2.1.4 Compact Sets

If K C R™ is compact, then define
AK) =inf{\(G) : K C G,G open}.

There’s something we immediately have to check: if K is a compact special polygon,
does this new definition match the old one?

This is a little hard to talk about, so we’ll introduce some very temporary notation.
We’ll use « for the definition of measure we gave in that applies specifically to special
polygons. And we’ll use 5 for the definition that applies to any compact set. We’ll prove
they’re both the same, and then we can go back to calling both of them X instead.
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It’s any to see that a(P) < B(P) for any special polygon P. Whenever P C G, then
a(P) < A(G). Therefore, a(P) < inf{\(G)} = 5(P).

Conversely, we want to show that S(P) < a(P). Suppose P = |J;_, I is a union of
non-overlapping rectangles. For any € > 0 we can pick special rectangles I; C I such that
A1) < AMIg) +¢/n.

Then if we set G = J;_, I;* we have P C G, and thus

B(P) < MC) < SOAY)

< Zn:)\([k) +e=a(P)+e.

Since this is true for any € > 0, we have 3(P) < a(P).
We want to prove several properties of the measure of these compact sets. But mostly

we can leverage the results we already proved about open sets.

Proposition 2.10. 1. 0 < A\(K) < o0

2. ]le C Ky then )\(Kl) < )\(Kg)
Proof. Exercise O]
3. MK U Ky) < AKy) + AKD).

Proof. 1If K1 C G; and Ky C G5 then K7 U Ky C Gy U Gy, and thus
MK U Ky) < AMG1UGy) < AGy) + A(Go).

Thus

4. If K1 and Ky are disjoint, then \(K1 U K3) = M(K1) + M(K3).

Proof. Wince K; and K, are compact, there is a € > 0 such that for every z € K,y €
K5, then d(x,y) > e. (This is the Lebesgue number again, with the open sets being
K¢ and KS.) Then if we let G be an open set containing K; U K, we can write

Gl =GN U B5/2($)

rzeKq

Gy =Gn | Bepla).

z€K>
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Then we have K; C G; and G; NGy = &. So we have

Since this holds for any G O K; U Ky, we have A\(K7) + A\(K32) < M(K; U K3). Since
the opposte inequality follows from part (3), that proves equality.

]

Remark 2.11. We didn’t try to prove any results about infinite unions of compact sets. Why

not?

Here we should mention one very important example: the Cantor set. (It is sometimes

known as the ternary Cantor set to distinguish from some generalizations.)

Definition 2.12. We first define a family of open intervals contained in [0, 1]. We define

Gy = (3, 2); then [0, 1]\ Gy is two closed intervals of length one third. We remove the middle

third of each of these: we define Gy = (3, 2) U (£,3). Then [0,1] \ (G UG>) = is four closed

intervals of length 1/9. We can iterate this construction to get an infinite sequence of disjoint
open sets G1,Go, . ...
We define the (ternary) Cantor set to be the set

C’:[O,l]\[ij.

Fact 2.13. The Cantor set C is uncountable.

Exercise 2.14. Prove that C' is compact. Then prove that \(C') = 0.

2.1.5 Inner and Outer Measure

We would like to extend our definition of measure to cover any set. We don’t quite have the

ability to do that yet, but we can define two quanties that do apply to any set.
Definition 2.15. Let A C R™. Then we define

e The outer measure of A
A (A) = inf{\(G) : A C G open}
e The inner measure of A
A(A) = sup{A\(K) : A D K compact}.
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Notice that these are basically concepts we’ve seen before; outer measure is how we
defined the measure of a compact set, and inner measure is basically how we defined the

measure of an open set. So this entire set of definitions has a sort of push-pull quality.

Proposition 2.16. 1. M. (A) < A*(4).
Proof. It K C A C G, then K C G, and thus A\(K) < A(G). O
2. If AC B then \*(A) < A*(B) and \(A) < \(B).
8N Uiy Ar) < 202 M (Ag).

Proof. We basically want to cover each A, with an open set. If ¢ > 0, then for each k
we can find a Gy D Ay such that \(G},) < A\*(Ax) + &27%. Then we have

k=1 k=1 k=1
<) (N (Ap) +e27F Z)\* (Ap) +
k=1
Since this holds for any € > 0, we're done.
O
4. If the Ay are disjoint, then
A, (U Ak) > A(Ap).
k=1 k=1
Proof. Exercise. m

5. If A is open or compact, then X*(A) = \.(A) = A(A).
Proof. If Aisopen, then clearly \*(A) = A(A). If P is any special polygon with P C A,
then P is compact, so A(P) < A\.(A); and thus A(A) < A.(A).
But then A(A) < A (A) < A*(A) = A(A), so all the numbers are equal.

Now suppose A is compact. Then A\.(A) = A(A) clearly, and A(A) = A*(A) because
that’s the definition of A(A). O
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2.1.6 Sets with Finite Outer Measure

Recall we want to assign a measure to every possible set. In the last subsubsection we
defined two “measure-like” numbers that apply to any set. But which one should we use?
It turns out that very strange things can happen in general, which we will see later. But

all of those strangenesses are avoided if our two measures are in fact the same.

Definition 2.17. Let A C R" be a set with finite outer measure. We say that A is measurable
and belongs to Ly if A*(A) = A.(A), and in that case we define the measure of A to be
AA) = A (A) = A\ (4).

Proposition 2.18. The family Lo contains all open sets with finite measure and all compact
sets. Our new definition of measure belongs to every previous definition of measure we’ve

given.
Lemma 2.19. If A, B € Ly are disjoint, then AU B € Ly and A(AU B) = A(A) + A\(B).
Proof.

N(AUB) < X(A)+ X(B) =

= M(A) +M(B) <
<\ (AU B).

AA) + A(B)
M(AU B)

[]

We want to be able to tell whether a set is measurable in an easy-to-compute way. The
main tool for this is the following theorem on approximation, which says that if we can
approximate our set with open sets and compact sets that are “close together” then our set

is in L.

Theorem 2.20 (Approximation of Measure). Let A C R" such that \*(A) < oo. Then
A € Ly if and only if: for every € > 0 there is a compact set K and an open G such that
KCACG and NG\ K) <e.

Proof. If A € Ly, then that means that the inner measure and outer measure of A are the
same. But we can always approximate the outer measure well with an open set, and the

inner measure with a compact set. So for any € > 0 we can find G C A, K C A such that

MG) < X (A) + /2 = M(A) + /2
AEK) > N (A) — 2/2 = MA) — /2.
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Since K and G \ K are disjoint, we have A(G) = A(K) + A(G \ K). Rearranging this gives

MG\ K) = MG) — MK)
<MA) + /2= MA) + /2 = .

Conversely, suppose that for any € > 0 there exist K C A C G with A(G \ K) < e. Fix

an epsilon, and then choose such sets G and K. We have that

A (A) < MG) = MK) + MG\ K)

<AMEK)+e < M(A) +e.

Since this holds for any £ > 0, we conclude that \*(A) < A\, (A) < A*(A). Thus the outer
and inner measures are equal, and A € £, by definition.
[

We want to figure out how we can combine £, sets to get other Ly sets. We start by
looking at our binary operations, and then we’ll figure out how to work with countably many

sets at once.
Proposition 2.21. If A, B € Ly then AUB,ANB,A\ B € Ly as well.

Proof. We'll start with the set difference, using the theorem on approximation.

Fix ¢ > 0, and then we can write K3 C A C G, Ky C B C Gy with A\(G; \ K;) < €/2.
Then set K = K; \ Gy and G = G \ Ks.

G is clearly open, and K is closed and thus compact. Further, we have K C A\ B C G,
and G\ K C (G \ K1) U (G2 \ K3). Thus A\(G \ K) < ¢, and thus A\ B € £,.

Given this fact, we can prove the other two claims with minimal work. ANB = A\ (A\ B)
is a difference of differences of £ sets, and thus is in £o. And AUB = (A\ B)UB is a
disjoint union of Ly sets, and thus is Lo by lemma [2.19] O

Theorem 2.22 (Countable additivity). Let Ay, € Lo, and set A = |Jj—; Ay. Assume
A (A) < co. Then A € Ly, and

Further, if the Ay are disjoint, then
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Proof. 1f the A, are disjoint, this is easy. We know that

If the A, are not disjoint, we can’t do anything this simple. The first inequality holds,
but we don’t actually have an inequality on the inner measure. But if we can reduce this
to a question about a disjoint union, then we can use the previous result and things become
much simpler.

Define a new family of sets as follows. We take B; = A;, and then for each & > 1 we

define
k-1
By = A\ <UAk>.
i=1

Then each By € L, and clearly the By are disjoint. Each By is a subset of the corresponding
Ay, and Uzozl B, = U;"Zl Ar = A. Then we can use our result on disjoint unions to see that
Ae Lo, and

AA) =D AB) <Y A

2.1.7 Measurable Sets

Definition 2.23. Let A C R". We say that A is (Lebesgue) measurable if, for every M € Ly,
then AN M € Ly. If A is measurable, we define the (Lebesgue) measure of A to be

AA) =sup{\(ANM): M e Ly}
We denote the set of all measurable subsets of R” with the symbol £.

We now have another (finall) definition of measure; so we need to make sure it’s the

same as our previous definitions.

Proposition 2.24. Let A C R"™ with \*(A) < co. Then A € Lg if and only if A € L. And

if A€ L, then our two definitions of measure coincide.

Proof. If A € Ly, then AN M € Ly for any M € Ly, and thus A € L.
Conversely, suppose A € L. We know that By(0) € £, since it’s open, so we know that
A = AN Bi(0) € Lo. But A =J;2, Ak, and theorem tells us that A € Lo.
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Now we need to prove that the measure formulas coincide; for the rest of this proof we’ll
use X for our final definition of measure given in Definition [2.23

Suppose A € Ly C L. Then since for any M € Ly, we know that AN M C A, and
so M(AN M) < AA), and thus M (A) < A(A). But conversely, A € Ly, so we must have
AA) < AANA) < N(A). Thus X = A\ ]

2.2 Basic Properties of the Lebesgue Measure

Now that we have finally given a complete definition of Lebesgue measure, we want to collect
all the properties that apply to it. Many of these are properties we’ve seen already at various
earlier stages of the construction, but we need to see they still hold at this completed stage.

Some other properties are basically new.

Proposition 2.25. 1. A€ £ if and only if A € L.
2. If A, € £, then | J,o Ay € L and (o, Ay € £ .

3. If A,B € L then A\ B € L.

Proof. 1. For any M € Ly, we know that AN M = M\ A= M\ (AN M). This is a
difference of £ sets, and thus is in £o. Therefore A¢ € L.

2. If A, € £ and A = ;| Ay, then for any M we have that AU M = (J,o, Ay N M.
Since N*(ANM) < A(M) is finite, theorem tells us that ANM € Ly. Thus A € L.

The result on intersections follows from De Morgan’s Laws: we know that

o ~ c
() A = (U A,?) .
k=1 k=1
Since complements and countable unions preserve measurability, this is a measurable

set.

3. A\ B = AN BY is measurable.

Proposition 2.26. [Countable Additivity] If Ay are measurable, then

A (U Ak) <D AAp).
k=1 k=1
If the union is disjoint, then

(0n) - S
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Proof. Let A =J,—, Ax. Then by theorem we know that

A= S 0 < S
k=1 k=1

Thus Y ,-; A(Ax) is an upper bound for A\(A N M), and so we have A(A) <37 A(Ax).
Now suppose the sets are disjoint; we just need to prove the opposite inequality. For any
n € N we can choose sets M, ..., M, € Ly, and define M = Uzzl M. Then

AMA) > AMANM) =Y " MA N M)
k=1

3

> Z MAR,NM) > AA N M),
k=1 k=1

Since A\(Ag N My) < A(Ag), we conclude that N(A) > >~ | A(Ax). Since this is true for any
n € N, we must have A\(A) > >~ M(Ay), as desired.
[l

Proposition 2.27. Suppose Ai, A, ... are measurable sets. Then:
1. ]fAl QAQ g e, then
A (U Ak> = lim A(4y).
k=1
2. If Ay D Ay D ..., and further if N\(A;) < oo, then

A (ﬂ Ak> = lim A(4y).

k=1

Proof. 1. We can write | J Ay as a disjoint union; in this case this is very easy, since we

have

G Ap = A U G(Ak \ Ay_y).

Then countable additivity implies that

A ([] Ak> A+ AN A

k=2

= lim \(4,) + Z)\(Ak \ Ap_1)

n—oo

= lim \ <A1 U U (A \ Ap_ 1)) = lim A(A4,).
n—oo

n—oo
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2. Exercise.

Proposition 2.28. 1. All open sets and all closed sets are measurable.

2. If X*(A) =0, then A is measurable and A(A) = 0.

Proof. 1. If G is open, then we can write G = |J;—,(G N B,(0)) as a countable union
of bounded open sets. Each bounded open set has finite outer measure and thus is
measurable; and we know a countable union of measurable sets is measurable. Thus

(G is measurable.

If F is closed, then F© is open and thus measurable. So F is measurable.

2. We know that 0 < A\,(A) =0 < A*(A) =0. Thus A € £; and so A is measurable, and
A(A) =0.
[

Proposition 2.29 (Approximation). Let A CR"™. Then A is measurable if and only if: for
every € > 0 there exist F C A C G such that A\(G\ F) < ¢.

Proof. First, suppose A has the approximation property as described. We’re going to ap-
proximate A with a clearly measurable set and then show the remainder is so small that it
must also be measurable.

For any k € N we can find F, C A C Gy, with A\(G \ Fx) < % Let B = J;—; F. Then
B is a countable union of measurable sets and thus measurable, and B C A.

Further, we know that A\ B C G\ B C Gy, \ Fy,, and thus X\*(A\ B) < MGy \ Fr) < 1.
Since this holds for each k, we see that \*(A\ B) = 0, and thus A \ B is measurable. We
conclude that A = BU (A \ B) is a union of measurable sets and thus measurable.

Conversely, suppose A is a measurable subset of R™. If we take any finite measure
subset, we know we can approximate it; so we’ll build a sequence of these approximations
that approximate all of A.

For each k, define Ej, = By(0) \ Br—1(0), which you can visualize like a washer or annulus
centered at zero. Since each FE), is bounded, we know that AN Ex € Lo, and thus we can find
a compact set K}, and an open set G}, such that K, C AN Ey, C Gy, and MGy, \ K) < e27F.

We define F' = | J;-, Ki and G = ;| Gi. It’s clear that Gy, is open. It’s less trivial to
see that F is closed, but we can check that it contains all of its limit points; if z € F then
x must be a limit point of some finite union |J;_, K}, and this is a finite union and thus
closed, so z € | J;_, K C I
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So we have ' C A C @ are closed and open respectively. And we can see that

G\F = J(@G\ F) C | J(Gi\ Kx)

and so

MG\ F) <) MG\ Ky)
k=1
< Z 2% =¢.
k=1
Proposition 2.30. 1. If A is measurable, then \.(A) = A*(A) = A(A).

2. If AC B and B is measurable, then \*(A) + A\.(B\ A) = A\(B).

Proof. 1. If A*(A) < oo, then this follows from section [2.1.6, So suppose A is measurable,

and \*(A) = co.
If A(A) < oo, then we could find FF C A C G with A(G \ F)) < 1, and then we’d have
that

AMG)=AMG\NA) +MA) S AMG\F)+AA) <14+ XA <0
which is a contradiction.

Now we just need to show that A\.(A) = oco. We know that A(A N B(0)) < oo, and for
any k we have
AMAN Bg(0)) = A(AN B(0)) < A (A).

But we know that limy . A(A N Br(0)) = A(A) = oo since this is a union of an

ascending chain. Thus we also must have that \.(A) = co.
2. For any open G O A, we know that

AG) + A (B\A) > NBNG)+ \(B\A) > NBNG)+\(B\G)
ABNG)+AB\G)=AB).

This holds for any G, so we have A\(B) < A*(A) + A(B\ A).

Conversely, for any compact K C B\ A, we can do basically the same thing:

A (A) + MK) < XN (B\ K) + \K)
= MB\ K) + \(K) = \(B).
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Thus A*(A) + A.(B\ A) < \(B).
m

Proposition 2.31 (Carathéodory). A set A is measureable if and only if for every E C R™,
we have that
N(E)=XN(ENA)+ X(ENA°.

Remark 2.32. This proposition provides another way to construct measure; we could have
used the outer measure only and avoided inner measure. But this presentation would have

been somewhat less concrete, and made some other steps kind of tricky.

Proof. Notice first that this equation is partly cheating. For any set A, measurable or not,

we know that
MN(E) < N(ENA)+ X (ENA°
by the countable subadditivity of outer measure as proven in [2.16| So in either direction

we're really just looking at the opposite inequality.

Suppose A is measurable. If E C G open, then
MG)=AMGNA) +AGNA) >N (ENA)+ X(ENAS.
Thus
N(E) > XN (ENA)+ X (ENA°

by definition of outer measure.
Conversely, suppose that A*(E) = A (ENA) + A\*(E N A°) for any E. Then in particular,

for any finitely measurable M € Ly we have
AM)=XN(M)=XN(MnNA)+ X(Mn A).
But we also know that
AM) = (M N A)+ X(MN A

from proposition [2.30] since we can take M N A° = M \ (M N A).

But subtracting these equations gives that 0 = A (M N A) — A\(M N A), and thus
A (M NA)=A(MnNA); and this is precisely what it means to say that M N A € L. since
this holds for any measurable M, then A € £ by definition. n
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2.3 Abstract Measure Spaces

At this point I want to take a moment and discuss which of the properties of the Lebesgue
measure generalize, and are necessary for it to be “a measure”.

We first want to talk about the properties that measurable sets have to have.

Definition 2.33. Let X be any set. We define an algebra of subsets of X to be a subset
M C 2% of the power set of X that satisfies the following properties:

e M
o If A, Be M then AUB € M.
o If A Mthen A® = X\ AeM.

It’s easy to see that an algebra of sets must be closed under any finite unions, and also
under finite intersections and under set difference.
All these statements are true of the Lebesgue measurable sets. But the measurable sets

have one extra property:

Definition 2.34. Let M C 2% be an algebra. Then it is a o-algebra if it is also closed under
countable unions (and thus intersections): if Ay, As, ..., € M then [Jo, Ay € M.

Example 2.35. e The power set 2% is a o-algebra.
e {J, X} is a g-algebra. In fact, this is a sub-o-algebra of any o-algebra.

The measurable sets £ C 2%" are a o-algebra.

Let X be any set, ane let My be the set of all sets A such that either A is finite or A¢

is finite. Then M, is an algebra but not a o-algebra.

Let X be any set, ane let My be the set of all sets A such that either A is countable

or A% is countable. Then M, is an a o-algebra.

Any finite algebra is a o-algebra for basically dumb reasons.

From this we want to find a way to build o-algebras. There is one lemma which will be

very useful for this:

Exercise 2.36. Let X be a set, and M; C 2% be a o-algebra for each i in some index set I.

Prove that (,.; M; is a o-algebra.

il
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Notice this is a little weird. We’re not intersecting subsets of X to get a new subset of
X; we're intersecting collections of subsets of X to get a new collection of subsets of X.

Now suppose N C 2% is any collection of subsets—not necessarily an algebra. We can
consider the family of o-algebras that contain N. Clearly there are some such o-algebras,

since 2% is itself a o-algebra. If we take the intersection of all these o-algebras, we will get

M= )2

PON

a new o-algebra:

Then M will contain N, and it is contained in any o-algebra that contains N, so it is the
smallest o-algebra containing N. We say that M is the o-algebra generated by N.

An important note is that this is, and essentially must be, non-constructive. There are
sets in M that we can’t build by a countable chain of unions or intersections of elements
of N. In fact, a set in M can be a countable union of countable intersections of countable
unions of countable intersections of ...

If we want to construct the o-algebra M explicitly, we need to do some sort of transfinite
induction, which is cumbersome and we just don’t want to do it. But it’s clear (non-
constructively) that M must exist, and we're satisfied with that.

So far this tells us that we can generate o-algebras, but doens’t tell us what we want to
do with them, or which g-algebras we want. But if we want to build a measure, we definitely

want to be able to measure all the “reasonable” sets.

Definition 2.37. The class of Borel sets in R", denoted B, is the o-algebra generated by
the collection of open sets. Clearly B C £. We sometimes write B,, when we need to specify

the dimension.

Exercise 2.38. Prove that the class of Borel sets is also the o-algebra generated by the
collection of special rectangles.
Thus B 1is the smallest o-algebra that contains all the sets we obviously want to be able

to measure.

The Borel sets in R™ are not actually all the Lebesgue measurable sets. But they are

close.

Definition 2.39. If A C R" is measurable with A(A) = 0, then A is a null set. A is null if
and only if A*(A4) = 0.

Theorem 2.40. Suppose A C R"™ is measurable. Then we can write A = EU N such that

E and N are disjoint, E is a Borel set, and N 1is a null set.
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Proof. For every k € N there is a closed set F, C A such that AM(A\ F) < %, by our
approximation property Set E = |J,—, Fi. Then E is not necessarily closed, but it is
certainly Borel since it’s a countable union of closed, Borel sets.

Further, £ C A. Then for any k, we have

MA\B) < \A\ Fy) <

| =

Thus A(A\ E) = 0 and thus A\ E is null. O

In fact, we proved something much stronger than the theorem statement. The set E is
not only Borel, it is specifically a countable union of closed sets; we call such sets F, sets.

Dually, a countable intersection of open sets is called a Gy set.

Exercise 2.41. Prove that if N C R"™ is null, then there is a Borel null set N' such that
N C N'. In particular, prove that N’ can be chosen to be a Gs set.

Theorem 2.42. Let E C R"™ be Borel, and let f : E — R™ be continuous. If A is Borel in
R™, then f~'(A) is Borel in R™.

Proof. This proof has to be a little weird again, because we have to use the universal property
of Borel sets; we can’t actually study the structure of f~1(A) and see that it’s Borel—first
because we don’t know what it “should” look like, and second because we don’t know what
A looks like.

So we’ll define a class of subsets: let
M={A: ACR™, ffl(A) € B,}.

If we can show that B,, € M then we have proven what we want to prove. But B,, is
the smallest o-algebra containing all the open sets in R™; so we want to prove that M is «a
o-algebra containing all the open sets in R™.

First we claim that M is a o-algebra. We have to check the three axioms:
1. ffl{@)=2¢€B,,s00eM

2. Suppose A, € M for all k € N. Then for each k we know that f~'(A;) € B,. Thus

7 (U Ak> =J (A € B,

since B,, is a o-algebra and this is a countable union of B,, sets. Thus (J,~, f~1(Ax) €
M.
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3. Suppose A € M. Then f~!(A) € B,,, and thus
[HA) ={zcE: flx) ¢ Ay =E\{z € E: f(xr)e A} =E\ [(A)
is a difference of B,, sets, and thus is in B,,. So A¢ € M.

Thus M satisfies the three axioms of a g-algebra: it contains the null set, and is closed under
countable unions and under complements. So M is a o-algebra.

So now we just need to show that M contains all the open sets. So let G C R™ be an
open set. Then we can write f~'(G) = E N H where H C R" is open. Thus H € B,,, and
we know E € B,,,s0 f7{(G)=HNE € B,. SoGeM.

O

Remark 2.43. We know that M contains all the Borel sets; but it might contain far, far
more—and whether it does depends on the specific function. In the extreme case where f is

constant, then M is the largest possible o-algebra, containing every possible subset of R™.

Corollary 2.44. Let E C R, FF C R™ be Borel, and let f : E — F be a homeomorphism.
Then f gives a bijection between Borel sets in E and in F'. That is, If B C E, then B € B,
if and only if f(B) € By,

Proof. This follows because f and f~! are both continuous. The previous theorem shows
that if f(B) is Borel, then so is B; considering the function f~! instead shows that if B is
Borel, then so is (f~)~*(B) = f(B). O

We still haven’t defined an actual measure, though. Clearly we want to use o-algebras

to define the class of measurable sets; but what does an actaul measure look like?
Definition 2.45. A measure space consists of three objects:

e A nonempty set X

o A g-algebra M C 2%

e A function u : M — [0, 00 such that p(@) = 0, and if Ay, As, ... are disjoint then
(U] - St
k=1 k=1

We say the function p is a measure.

Exercise 2.46. Prove the following facts about abstract measures:
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1. If A,BeM and A C B, then u(A) < u(B).

2. [fAl,AQ, SRS M, then
I (U Ak) <> u(Ap).
k=1 k=1

3. If Ay C Ay C ... are in M then

u (U Ak) = lim pu(Ay).

k=1

Example 2.47. e We can take X = R", M = £, and ¢ = A. This is the Lebesgue

measure.

e We can take X = R", M = B the set of Borel sets, and 4 = A. This is the same
measure, but allows fewer sets to be measurable. In particular, many sets which are

null under the Lebesgue measure are unmeasurable here.
e Take X to be any set, M = 2%, and p(A) = c if A # @.

e The counting measure: Take X to be a non-empty set, M = 2%, and

() = { #A A finite

oo A infinite

e The Dirac measure: let X be any non-empty set and M = 2¥. Fix some 2o € X and
define p(A) = xa(zo). We usually call this measure the Dirac measure and write it

0z, 1t is also sometimes called the Diract delta function, despite not being a function
on X.

Most of what we’ll prove about the Lebesgue measure is actually true in any abstract

measure space; in particular, our definition of integral will work for any measure.

Definition 2.48. Let X, M, 1 be a measure space. We can define a new measure space
called teh completion of (X, M, 1). We define a o-algebra M by the property that A € M if
and only if there are B,C € M with B C A C C and u(C \ B) = 0. Clearly M C M.

Then in this situation we have p(C) = u(B), so define (A) = p(B). It’s not too hard

to show that M is a o-algebra and 7 is a measure.

Exercise 2.49. Prove that, if E C A€ M and fi(A) = 0, then E € M and fi(E) = 0.
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Definition 2.50. We say a measure space X, M, i is complete if whenever £ C A € M and
1(A) =0, the E € M.

We observe that the Lebesgue measure is complete; it is in fact the completion of a
measure defined on the Borel sets.

Given a measure space, we can find sub-measure-spaces. Suppose (X, M, u1) is a measure
space, and B € M is a measureable subset of X. Then we can define a new measure space
(B, Mg, ug) by taking Mp = {ANB: A€ M}, and defining ug(A) = p(A).

This just means that A is measurable in B if it’s the intersection of a measurable set

with B, and the measure is inherited from the larger space.

Example 2.51. We know that [0, 1] € £, so we can define a measure space ([0, 1], L1.1, Ap,1])
where measurable sets are the intersections of Lebesgue measurable sets with the closed in-

terval. This space has total measure one, and does exactly what you think it should do.

Example 2.52. If our measure space is R?, then R is a Lebesgue-measurable subspace of
R?, so we can look at the measure on R induced by the measure on R?. But this isn’t
really a useful measure! In this case, the induced o-algebra is exactly the collection of usual

Lebesgue measurable subsets of R. But the measure of any set will be 0.
Finally, we are prepared to make some notes on the topic of probability.

Definition 2.53. A probability space is a measure space (€2, F, P) (where € is a set, F is a
o-algebra of subsets of €2, and P is a measure) such that P(§2) = 1.

We say that the elements of F, which are subsets of €2, are events, and the probability of
an event A € Fis P(A).

Example 2.54. The space [0, 1] with the (induced) Lebesgue measure is a probability space.
In fact, [0,1] x [0,1] x --- x [0, 1] is a probability space.

Example 2.55. The space [0, 2] with the regular Lebesgue measure is a measure space but
not a probability space, since A([0,2]) = 2 # 1. But if we define p(A) = $A(A), then p is a
measure and so ([0, 2], Ljo2), 1#) is a probability space.
Definition 2.56. Suppose (2, F, P) is a probability space, and B € F with P(B) > 0. We
define the conditional probability of A given B by
P(AUB)
P(A|B)= ———=
(A1B) = Z5

Exercise 2.57. Prove that P(A|B) is a probability measure on B.
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3 Interesting Sets for the Lebesgue Measure

3.1 Invariance of Lebesgue Measure

Within R™ there are ways we can move sets around that seem like they either shouldn’t

change the measure, or should change it in predictable ways.

Definition 3.1. Let A C R” and let x € R™. We define the translation of A by x to be the
set
r+A={r+a:ac A}

Now let t € R>?. We define the dilation of A by t to be the set
tA={ta:ac A}.
Lemma 3.2. Let A CR", let x € R", and let t € R>°. Then:
e \(z+ A) = AA) and \*(tA) = t"\(A).
o \(x+ A) = AA) and M\ (tA) =t"A(A).

o If A is measurable, then x + A and tA are measurable, and Az + A) = A(A) and
A(tA) = t"A(A).

Proof. We first prove the lemma for special rectangles. If I = [ay,b1] X -+ X [an, b,] is a

special rectangle, then
x4+ 1 =[al+2z1,bl +21] X -+ X [an + Tp, by + T3]

so by definition,

n n

Mo+ 1) = [ b + 21 — (a; + 2:) = [ [ (b = a:) = A(D).
i=1 =1
Similarly,
tl = [tal,tbl] X X [tan,tbn]

and so
n

A(tI) = ﬁt(bi —a;) = t" [ [ (b — @) = t"A(1).

i=1
Now we want to extend this to all Lebesgue measurable sets. But this just follows

from the steps of the construction of the Lebesgue measure. Clearly the result holds for
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special polygons; and then the set of special polygons contained in x + G or tG is the set
of translations or dilations of special polygons contained in G. Thus the result holds for
open sets. Similarly, the result must hold for compact sets, and thus for inner and outer
measure. Finally, since the result holds for inner and outer measure, it holds for the measure
of measurable sets.

m

We'd like to generalize these two operations a bit further. We want to include translations

and dilations, and also some other operations like rotations.

Definition 3.3. Suppose f : U — V is a function of vector spaces. We say that f is affine
if

flaz+ (1= a)y) = af(x) + (1 —a)f(y)
for any vectors z,y € U and scalars a € R.

This basically tells us that we don’t preserve vectors, but we do preserve lines: a point

on the line from x to y gets mapped to a point on the line from f(z) to f(y).

Exercise 3.4. Prove that f : U — V s affine if and only if there is a linear function
L:U —V and a vector v € V such that f(x) = v+ L(x) for every x € U. Further, this

choice of L and v is unique.

An affine transformation combines a translation and a linear function, but we already
understand translations. So let’s see what linear functions do to the Lebesgue measure. We

wish to prove the following statement:

Theorem 3.5. Let T be a n X n matriz, and let A C R"™. Then

N(TA) = | det T|\*(A)
A (TA) = | det T|\.(A)

Further, if A is measurable, then T A is measurable, and
AMTA) =|detTIN(A)

sketch. We'll specialize to just proving this for an open set (G; once that’s proven, we can
extend it to the rest of measurable sets. And we can cover G by small cells that we've already

understood.

http://jaydaigle.net/teaching/courses/2020-spring-395/ 36


http://jaydaigle.net/teaching/courses/2020-spring-395/

Jay Daigle Occidental College Math 395: Real Analysis II

Solet J =[0,1)x---x[0,1). This is not a special rectangle, but it is a rectangle. Clearly
A(J) = 1. Then since T is continuous, we can see that 7'(J) must be measurable. We set

— AA%) = \(TJ). And we claim that \(T'A) = pA(A).

From here we're essentially going to tile G from the inside with copies of J. We can

divide R™ into translated copies of J of the form [a1,a; +1) X (ag, a3+ 1) X -+ - X [an, a, + 1).
Take all the ones that are inside G. Then tile the remainder with 1/2 x 1/2 x -+ x 1/2
rectangles, and then 1/4, and so on. By following this process we can write G = (J,—; Ji;
each J is disjoint, and is a translation of a dilation of J.

For any rectangle Jy, = zi, + t;J we see that A\(Jy) =t A(J), and thus
NTJ) = NTz + 6,TJ) = NtxTJT) = t°A(TJ) = pA(J).

Then we can see that

=) NTJ) =D pA(J)
=p> M) = pA (U Jk) = pA(G)

This proves our formula for open sets; by our sort of standard Lebesgue construction, we
can extend this to any Lebesgue measurable set.

To prove the theorem, we have to prove that p = |detT|. We can just say this is a
theorem of linear algebra: the determinant of a matrix is the volume of the image of the
unit cube. But if we want to prove it, we can follow this outline:

If T is invertible, then it’s a theorem of linear algebra that T' can be written as a product
of “elementary” matrices, which correspond to the three row operations. We can show that
this result holds for any elementary matrix; since the determinant is multiplicative, that
implies that it holds for any invertible matrix.

If T is multiplying one dimension by a scalar, then (without loss of generality) T'(J) =
[0,¢) x [0,1) x --- x [0,1), so det(T") = ¢ and A\(T'J) = |¢|. If T is a row-switching matrix,
then det T =1and T'J = J so \(T'J) = 1.

If T is a row-addition matrix, then det T = 1. Showing that A\(T'J) = 1 is a bit trickier.

But we can carefully choose a set
A={—-cry <2, <0,0<x; <1fori>1}
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and then if we apply the row-adding matrix

- . -
010 0
T =
000 ... 1

then T'(A) is just A reflected across the first coordinate. Thus A(T'A) = A(A). Since we
know that \(T'A) = pA(A) that proves that p =1 =detT.

Conversely, if T is invertible, hen the determinant of T" is zero, so we want to show that
p = 0, or equivalently, that A\(T'A) = 0. It’s sufficient to show that TR" has zero measure.
But since det T' = 0, we know that the kernel is non-trivial, and by the rank-nullity theorem
dim T'(R") < dimR™. We proved that any proper affine subspace has measure zero, and thus
T(R™) has measure zero.

(Technically we only proved this if the affine subspace is a special rectangle, but there’s

nothing really interesting about proving it for the rotated versions.)
O

We’ll finish this discussion by mentioning a particularly important class of affine trans-

formations:

Definition 3.6. Suppose V is an inner product space. We say a linear transformation
L:V — V is orthogonal if (L(u), L(v)) = (u,v).
We say a n X n matrix A is orthogonal if A is invertible and A~! = AT the transpose of

A.

Exercise 3.7. Prove that a matriz is orthogonal if and only if the associated linear trans-

formation is orthogonal.

Exercise 3.8. Prove that if L is orthogonal, then |det L| = 1. Hint: use theorem[3.5 and
use A= B(0,1).

This shows that if L is an orthogonal matrix, then A\(A) = A(LA) for any measurable set
A; that is, orthogonal matrices preserve measure. Since translations also preserve measure,

we can generalize just a hair further.

Definition 3.9. Let ® : R — R" such that there is a z € R™ and an orthogonal matrix L
such that ®(x) = z 4+ Lx for any x € R". Then we say that ® is a rigid motion. Notice that

® is an affine transformation.
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Remark 3.10. The set of rigid motions on R™ form a group, known as the Fuclidean group
or the group of rigid motions.
It is equivalent to ask that ® be an isometry, that is, that ® preserve distances: we say

that ® is an isometry if
[@(x) — (y)| = |z —y|

for any x,y € R™.

3.2 A non-measurable set

In this section we will construct (after a fashion) a set E C R™ that is not measurable.
We begin by looking at the set Q" C R™. For any fixed x € R™ we can consider the set
of translations x + Q". It’s easy to see that y € x + Q™ if and only if y — x € Q™.

Exercise 3.11. Prove that the translates of Q™ partition R™. That is, if x,y € R™, then
eithert + Q" =y +Q" or (z+Q") N (y+ Q") = 2.

We sometimes might call these translates “cosets” of Q™.

It’s clear that R" = | J,.g. #+Q". But each set on the right occurs infinitely many times.
If we assume the axiom of choice, we can pick exactly one z € R™ in each translate of Q";
let £ C R™ be the set of these chosen points. Then R" = J,.p(z + Q"), and this union is
disjoint.

But we can also turn this statement around! For every z € R™, we have exactly one
y € E such that z —y € Q". But if we write x — y = z, we see that there is exactly one

z € Q" such that x — 2 =y € E. So instead we can write a disjoint union

R'= | z+E
zeQn
And this union is disjoint.
But this by itself generates a problem. It’s easy to see from this that if £ is measurable,

it must have positive measure. For

A*(R")zA*(U z+E> <Y AMzt+E) =) AE).

zeQn zeQn zeQn

If \*(E) =0, then, we have \*(R™) = 0 which is clearly false.
But we will show that A.(E) = 0. Let K be any compact subset of E; we will show that
AMK) = 0. Fix D = By(0) N Q" to be the rational points in the unit ball. Then D is a
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bounded, countably infinite set. We know that

is a countably infinite disjoint union. We compute that

A (UT+K> =D Ar+K)) AK).

reD reD reD
If A\(K') > 0, then this sum is infinite; but since DandK are bounded, the union is bounded
and thus has finite measure. Thus we must have A(K) = 0. Since this holds for any compact
set K C E, this implies that \.(E) = 0.
Then 0 = A\.(F) < M(E), and so E is not measurable.

Corollary 3.12. If A C R" is measurable and A(A) > 0 then there is a non-measurable
subset B C A.

Proof. Let E be the set we constructed above; then we can write
A= (@+E)nA).
zeQn
Since A has positive measure, and this is a countable union, there is at least one zo € Q"
such that (zo + E) N A has positive outer measure. Then set B = (¢ + E) N A. By our
argument from above, \.(B) = 0, but \*(B) > 0. Thus B ¢ L. O

This same logic, with some care, can be used to generate important paradoxical results.

Fact 3.13 (Banach-Tarski). Let A, B be any two bounded subsets of R® with nonempty
interior. Then we can write both sets as finite disjoint unions A = J;_, Ay, B = ;_, Bx,
and define rigid motions @), : R — R3, such that ®1(Ay) = By.

This is “paradoxical” because A and B need not have the same measure, but we know the
rigid motions ®; preserve measure. In the famous example, we take A to be a ball of radius
1, and B to be the disjoint union of two balls of radius 1. Though an explicit construction
that uses the axiom of choice, Banach and Tarski showed that you can divide A into five
disjoint pieces, and use rigid motions of each piece to produce B.

However, there is no rigid motion such that ®(A) = B.

Exercise 3.14. Prove that there are disjoint subsets A, B C R" such that

N (AU B) < A*(A) + \(B)
A (AU B) > A\ (A) + \(B).
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Exercise 3.15. Let A, B,C C R" such that A C C and A(BNC) = 0. Then A,B are
not necessarily disjoint but they are separated in a measure theoretic sense. Prove that
AN (AU B) = X(A) + \*(B).

3.3 Cantor Sets and Lebesgue Functions

In this section we’re mostly going to stay in R, although there are perfectly reasonable
generalizations to R™ and we’ll try to mention them.

We've already seen the Cantor set C' C R in section [2.1.4, We removed a union of open
middle thirds, and saw what was left. Here we can generalize this.

Choose a sequence of positive real number [, such that 1 > 2l; > 4ly > -+ > 28], > ...
We can start with the closed interval [0, 1] and remove an open interval from the middle of
length 1—2I, leaving [0, [1]U[1—1;, 1] as the remainder. We denote the middle open interval
(li,1 = 1) = Jiya.

From each of these closed intervals we can remove a middle bit of length I; — 2[5, leaving
four intervals of length l,. We call the removed intervals Ji4 = (l2,l1 — o) and J5,4 =
(1 =1+ 1,1 —1y).

At the kth step of this process, we have remaining 2* intervals of length [, and have
removed 2F — 1 intervals which we have labeled Ji ok for 1 <i<2F—1.

Let us denote the limiting set

A=,0\ T

keN,1<i<2k—1
A is the complement of a union of open intervals, and thus A is closed and hence compact.
We see that A(A) = limy_, o0 21}
We obtain the original Cantor set C' by taking I, = 3% for each k. Then \(C) =
limg_o0(2/3)% = 0.

The generalized Cantor sets have one more interesting property: they are nowhere dense.

Definition 3.16. A set A is nowhere dense if its interior is empty. That is, A is nowhere

dense if A° = @. Consequently, A° = @ as well.

Why is A nowhere dense? if A has non-empty interior, then it must contain an open
interval I with positive length 7. We can choose a k such that 2% < r, and then A is
contained in a union of disjoint intervals of length 27%. Thus I ¢ A.

You might think that this implies that A has zero measure. Recall we used the original

Cantor set to show you can have an uncountable set with zero measure. But we can build
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“fat” Cantor sets with positive measure. In fact, if we set

Ok +1

= e

then A(A) = #. This works for any 6 € [0,1). Thus we can have a nowhere dense set of
positive measure, and in fact of just about as much measure as we like.

We can now define the Lebesgue function associated to A. We'll set Jy = (—00,0) and
Ji = (1,00). Then it’s easy to define a function f : A® — [0,1] by f(x) = r for every
x € J,.. We know that the interval J, is entirely to the left of J; if r < s, so f is an increasing
function.

Further, f is continuous on A. Informally, we can convince ourselves of this because
it seems like the function must be locally constant. But there are infinitely many infinitely
small sub-intervals, so it’s possible something weird is going on.

However, suppose |z — y| < ly. Then if z € J, and y € J,, one of two things must
happen. One possibility is that » = s, in which case f(x) = f(y). But if r # s, then the
intervals J,. and J; must be relatively small, and close together. Both r and s will have to
have denominators > 27%, and thus |f(z) — f(y)| < 27%. Thus f must be continuous, and
in fact uniformly continuous.

(You can see Jones p. 88 for a careful proof of this last fact, but it’s mostly some careful
work with this definition as a limit).

Thus f is continuous on A®. It turns out that we can extend f to be continuous on the

closure of A°—which is in fact all of R.

Exercise 3.17. Let E C R" and f : E — R be uniformly continuous. Then there is a unique
function F : E — R such that F is continuous and F(z) = f(x) for allz € E.

In our particular case we will call this extension the Lebesgue function corresponding
to A. It is a continuous non-decreasing function f : R — [0, 1] that has the property that
f(z) = r for any = € J,.. By the intermediate value theorem, it is surjective onto [0, 1].

This function is also an almost-bijection between the extended Cantor set A and the open
interval (0,1). First, if # < y then f(z) < f(y), unless z,y € J, for some r. In particular, if
x,y € A then f(z) < f(y) unless the open interval (z,y) is one of the J,.. Thus z is almost
strictly increasing on A.

In particular, f is strictly increasing on A except there are two points outputting /2"
for each i, k. So let B = {inf(J,)} U {0} be the set of all the left endpoints of the intervals
Jr. Then f: (A\ B) — (0,1) is strictly increasing surjective function, and thus a bijection.
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By standard set theory/cardinality arguments, this means that A has the same cardinality
as (0,1).

Exercise 3.18. If f is the Lebesque function associated to some Cantor set A, then f(1 —
x)+ f(z) =1 for any x.

3.4 Non-Borel Measurable Sets

In this section we will prove that not every measurable subset of R is Borel. When we talk
about product measures, we’ll extend this result to R™.

Let C be the ternary Cantor set, and let f be the Lebesgue function associated to it. f
is strictly increasing on C'; but not on R; but we can make it strictly increasing by defining
g(x) = x4+ f(x). Since f is continuous and nondecreasing, g is continuous and strictly
increasing. Then ¢ gives us a homeomorphism from [0, 1] onto [0, 2].

We first claim that ¢g(C') has positive measure. Since ¢ is a bijection, we know that

9(C) = 10,2\ g(Cc) = 0,21\ g (U ) = 0.2\ U 9.

But on J, the function f is constant, so the function g is just given by g(z) = = + r.
Thus ¢ maps each open interval J to another open interval of the same length, and so
A(g(J) = A(J,).

Then we have

)\UQ(JT> = Z)\Q(Jr) = Z)‘(Jr) =1

since we worked this out when we studied the Cantor set. Thus we have
Ag(C)) = A([0,2]) = Mg(C)) =2—1=1.

So g has already done something strange: it’s a homeomorphism between a set of measure
zero and a set of measure 1. Somehow it stretches the volume of C infinitely.

But now let’s consider this set g(C'). It’s a closed set of measure 1. And since it has
positive measure, by corollary , there is some set B C ¢g(C) that is not measurable. Then
we define A = g7 !(B).

We know that A C C, and thus A*(A) < A(C) = 0. Thus A is measurable because the
Lebesgue measure is complete. So we just have to prove that A is not Borel. But since g is
a homeomorphism, A is Borel if and only if g(A) = B is Borel (by corollary [2.44)). But B is

not measureable, and so it’s definitely not Borel. Thus A isn’t Borel either.
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So we've constructed a measure zero set which isn’t Borel, but is measurable (because
it’s measure zero). We can easily build a positive measure set that’s measurable but not
Borel by, like, taking A U [5,7]. This will have measure 2, but still not be Borel.

One more observation to make here: we know homeomorphisms preserve Borel sets. But

they clearly don’t preserve measurable sets, since A is measurable and g(A) = B is not.
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4 The Integral

4.1 Measurable Functions

Before we can define the integral, we need to spend a bit of time talking about the sort of
functions we can integrate.

First, we want to get some notational conventions out of the way. We’ll often need to
talk about the extended real number line R = [—00,00]. Most of the algebra with co does
what you probably think it should by this point; but it’s important to note that sometimes
0 - 0o is undefined and other times it’s 0.

In order to do integrals, We want to take functions where we can approximate the output
in some reasonable sense: if we look at all the values where f takes on a value “near” a, the

set we get will be sensible. We thus define:

Definition 4.1. Let X be a set and M a o-algebra on X. Let f: X — R. We say that f
is M-measurable if, for all tR, the set f~1([—o0,]) is M-measurable.

Another way of expressing this is that for all ¢ € R, we have {z : f(z) <t} € M.

Exercise 4.2. Let A C X. Prove that the characteristic function x a is M-measurable if and
only if A € M.

Exercise 4.3. Let M = {@, X} and N = 2%. Describe explicitly the sets of M-measurable

functions and of N-measurable functions.

You might ask why we specficially look at [—oo, t] and not [—o0, ) or (¢, o] or something.

The answer is that it doesn’t matter.
Proposition 4.4. Let M be a o-algebra and f : X — R. Then the following are equivalent:
1. f is measurable
2. f7H[~o0,t)) € M for any t € (—o0, 0]
3. fY(t,0]) €M for any t € R
4. (L, 00,]) € M for any t € [—o0, 00)
5. 7Y {—o00}) €M, f71({cc}) €M, and f~(E) € M for every Borel set E C R.

Proof. O]
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Proposition 4.5. Assume f,g : X — R are M-measurable, and ¢ : R — R is Borel

measurable. Then
1. ¢ o f is M-measurable.
2. If f #0 then % 18 M-measurable.
3. If 0 < p < oo then |f|P is M-measurable.
4. f+ g is M-measurable.
5. fg is M-measurable.
Proof. 1. If E is a Borel set, then ¢~!(F) is Borel, and thus f~1(¢"1(E)) € M.
2. Excercise. Prove that ¢(t) = % is Borel measurable and then conclude this result.

3. The function ¢(t) = |t|? is continuous, and thus Borel measurable.

4. This one takes a small amount of work.

We know that f(z) + g(x) < t if and only if f(z) < t — g(x), if and only if there is a
r € Q such that f(x) <r <t —g(x). So we can write

(f +9) 7 ([=o0,0) = [J /(=00 ) N g™ (=00, t = 1)).

reQ

Here we use a dumb trick called polarization. We know that f - f is measurable for any

measurable f, by (3). So we write
1 2 1 2
fo=7(f+97 - 1(f—9)"
Since f 4+ g and f — g are measurable, this whole function is measurable. O]

Proposition 4.6. Suppose fi : X — R is M-measurable for all k € N. Then the following

functions are all M-measruable:

supy, fx

inf, fx

lim supy_,., /i

lim iIlfk_wo fk
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o limy_, fi, if the pointwise limit exists.

Proof. We can write

o ssup file) < 1 = (o fule) < 1

The right-hand side is an intersection of measurable sets since each f; is measurable, so the

left-hand side is measurable. Similarly
{z :inf fy(z) >t} = ﬂ{x s fr(x) >t}
k

Then we know that limsup fr = inf sup fz, and liminf f, = supinf f;. Since both sup and
inf are measurable, so are these.

Finally, if lim f; exists, then lim f; = limsup f; = liminf f; is measurable.

4.2 Simple Functions

Definition 4.7. A simple function from X to R is any function which assumes finitely many

m
S = E akXAk
k=1

where the sets Ay are disjoint and the numbers o, € R are distinct.

values. Thus we can write

Exercise 4.8. A simple function s is measurable if and only if each set Ay is measurable.

Definition 4.9. Let a € R. We define
a a>0
a g
* 0 a<0
0 a>0
a_ =
—a a<0

We call these the positive part and negative part of a.

We observe that a = a; — a_ and |a| = a; + a_. A silly but useful observation is that
ara_ = 0.

We can extend this definition for functions: if f : X — R then f,(z) = (f(z)); and
f(x) = (f(=))-.

Exercise 4.10. If f is M-measurable, then so are f, and f_.
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It’s easy to see that the limit of a sequence of simple measurable functions is measur-
able; this follows directly from proposition 1.6, Much less obvious is that the converse of
this statement is also true: every measurable function is the limit of a sequence of simple
measurable functions.

That means that the measurable functions are precisely the closure of simple measureable

functions under pointwise limits. A function is measurable if and only if it is the limit of
Sk = D QikX Ay (T)-

Theorem 4.11. Suppose f : X — R is M-measurable. Then there is a sequence of
M-measurable simple functions si,Ss,... that converge pointwise to f on X. That 1is,
limy oo Sk () = f(x) for every x € X.

If f > 0, we may choose the sequence such that 0 < s; < s < .... We may always

choose the sequence such that |s1| < |sa] < ....

Proof. First we prove the case where f > 0. We define s;, through the following complicated-
looking formula:
Sk(z):{ 7 oo < (o) <<k
k k< f(z)

This formula does two things. First, the maximum possible value we give s; is k, and the
only values we allow are those that are integer multiples of Qik Thus there are k2% +1 possible
values of si, so it is simple.

We need to check two things. First, does the sequence s, converge to f? For large k,
we have | f(z) — sp(z)| < 5, so the sequence converges pointwise. (In exercise m you will
prove that this convergence is uniform if the function f is bounded).

Now is each s, measurable? We have that si(z) = 2% when 2% < f(z) < i;—,}, SO

and the latter set is measurable because f is measurable. The only other possible value of

sk 1s k, which happens when k < f(z); then we have

si Ak} = f7" ([k, 0])

and again this set is measurable since f is measurable. Thus f is the pointwise limit of a
sequence of simple measurable functions.

For a general function f, we can just leverage the previous result, in a way that we’ll use
a lot. We have a sequence of functions 0 < s; < s < ... converging to f,, and a sequence

0<t; <ty <...converging to f_. Then the sequence s; — t; converges to f.
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]

Exercise 4.12. If f : X — R is measurable and bounded, prove that it is the uniform limit

of a sequence of measurable functions.

This result has one simple consequence that isn’t strictly speaking about measurable
functions, but which will be extremely useful to us. Remember we said that we can approxi-
mate any Lebesgue measurable set with a Borel set: a Lebesgue measurable set is a Borel set
union a set of measure zero. This means that we can approximate a Lebesgue measurable

function with a Borel measurable function.

Theorem 4.13. Suppose f : R® — R is Lebesque measurable. Then there is a Borel mea-
surable function g : R” — R such that {x : f(x) # g(x)} has measure zero.

Proof. As usual, start by assuming f > 0. There is an increasing sequence 0 < s1 < 59 < ...

of Lebesgue measurable simple functions s, that converge to f. Then for each k, we can

my
Sk = g QG kX A g
=1

whre each A;; is a Lebesgue measurable set. Then there is a Borel set E;j; such that
AMAig \ Eix) = 0. Define

write

my
k= g QG kX E; -
i—1

This is a simple, Borel measurable function such that 0 < ¢, < s, and ¢, = s, except on a
set Ny of measure zero.
Define g = supy, tx; this is Borel measurable since it’s the supremum of Borel measurable

functions. Then g(z) = f(x) unless x € (A; \ E; ) for some i. But

my mg
A (U Aii \ Em) =) AAix \ Eig) = 0.
=1 =1

Now suppose f is any function. We have shown that we can approximate f, with
some Borel measurable g, and can approximate f_ with some Borel measurable g_. Then
g = g+ — g— is a Borel measurable function, and g(z) = f(x) except on a set of measure

Zero. O

And now, with those preliminaries completed, we are ready to start defining the integral.
For the moment, we’ll let S be the set of Lebesgue-measurable simple functions s : R* —
[0, 00).
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Definition 4.14. Let s € S, with s = > " | ayxa, where the A, are disjoint measurable
sets. Then the integral of s is -
/sdA = apA(4p).
k=1
Here we use the convention that 0-co = 0. If a = 0, it doesn’t matter if A(Ay) is infinite.
And when we allow oo-valued functions, we’ll ignore that as long as it happens on a set of

measure 0.

We can always assume that | J Ay, = R™ if that’s convenient; if it isn’t true, we can always
define A1 = (Up; Ak)C and a1 = 0, and nothing substantive will change.

It’s not immediately clear that this definition is well-defined; there is more than one way
to describe a simple function like this. But we will prove that it is well-defined in the next
proposition.

Before we do that, though, it’s worth emphasizing the ways this is similar to the Riemann
integral. We can look at the Riemann integral as approximating functions below by a series
of step functions. So any finite Riemann sum will add up a finite collection of heights-times-
widths.

Here the oy, plays the role of the height, and the A(Ay) plays the role of the width. But
we get some extra flexibility by not requiring our A, to all be intervals; this flexibility is

given by all the work we did to define the Lebesgue measure in section [2]

Proposition 4.15. 1. [ sd\ is well-defined, and doesn’t depend on the measurable sets

we choose to divide R™ into.
2. ngsd/\goo.
3. If 0 < ¢ < o0 is a constant, then fcsd)\:cfsd)\.
4. If s,t €S, then [(s+t)d\= [sd\+ [tdA.
5. If s,t € S and s <t, then [sd\ < [tdA.

Proof. We're going to prove (5) first, and that’s going to give us most of the rest for free.

Suppose we have s,t € S with s <t. Then we have representations

s=Y axa, t=) Bixs,.
k=1 j=1
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We assume that |JAr = |JB; = R". So we've partitioned R™ two ways: into the Ay and
into the B;. We can mutually refine these partitions: the sets A, N B; are all disjoint, and

their union is R™. Then we can write
/Sd/\ = Z ozk)\(Ak) = Z Oék/\(Ak N B])
k=1 ik

/tdA =D BBy = Zﬁj)\(Ak N B;).
k=1 ik

We claim that for each j, k, then axA(Ax N B;) < B A(Ax N B;). If A(Ax N Bj) =0, then
this is trivially true. If A\(A; N B;) > 0, then there is some x € A; N B;. Then s(z) = a; and
t(x) = p;, but s <t, so ay < f3;, which proves our claim.

But then apA(AxNB;) < BiA(AxNDB;) for every 7, k, and thus [ s X < [¢dX by definition.

Now this by itself proves that our definition is well-posed. For suppose we have s =t as
just two different ways of representing the same underlying function. Then s < t and also
t<s,s0 [sd\< [tdXand also [tdA < [ sdA.

Given that the definition is well posed, items (2) and (3) are fairly clear. So we just have
to prove (4). But by the logic from above, we have

n,m

s+t= (ar+B)Xaunn
ik

/(s A = (o + B)A(Ax N B))

j’k

=Y aAAxNB))+ Y BiA(AxN B))

Jik Jik
:/sd)\—l—/td)\.

4.3 The Integral of Non-Negative Functions

We can now integrate simple functions, which are the measure theory analogues of our finite
Riemann sums from the Riemann integral. Now we want to extend this as far as possible.

The essential idea is this: we can compute the integrals of simple functions. Since every
measurable function is the limit of simple functions, we can define the integral of a measurable
function to be the limit of the integrals of the simple functions.

This definition is quite simple, and it’s genuinely shocking how well it works.
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Definition 4.16. Let f : R™ — [0, 00] be measurable. We define the (Lebesgue) integral of

f to be
/fd)\:sup{/sd/\:sgf,seé’}.

Exercise 4.17. Prove that our two definitions of the integral coincide if f is a measurable
simple function. In particular, prove that if f : R™ — [0, 00] is a measurable simple function
with 0 < oy < 00, then

/fdA = apA(A).

We now want to prove an analogue of proposition for this more general integral.

Most of the statements just follow immediately from the definition:
1. [ fdXis well defined (since every set has a supremum);
2.0< [fd\<x
3. [efdh=c [ fd\

5. If f < g then [ fd\ < [gdA.

However, it’s highly non-trivial to prove that [(f + g)d\ =inf fd\+ [ gd.
One half of this is easy. We have that

/(f+g)dAzsup{/sd/\:s§f+g}

—sup{/(s—l—t)d)us—l—tﬁf—i—g}

:sup{/sd/\+/td)\:s+t§f—i—g}.

But while s < f,t < g implies that s +¢ < f + ¢, the converse isn’t true. So

{/sd)\+/td)\:s+t§f+g}2{/sd)\Jr/td)\:sgf,tgg}
/(f+9)d)\2/fd)\+/gd)\.

This is basically because our definition doesn’t apply to any sequence of simple functions

and thus

approaching f, but just sequences approaching from below. (This is similar to a definition

of Riemann sum that only uses lower sums.)
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There are various ways to prove the converse to this statement, many of which we could
work out right now. One example is to show that the supremum over s < f is the same as
the infimum over ¢ > f. But there are some major results that we want to prove anyway
that will give us this result as a simple corollary.

In particular, one of the primary advantages of the Lebesgue integral formulation is that

it allows us to interchange limits and integrals relatively freely.

Proposition 4.18 (Lebesgue Monotone Convergence Theorem). Let fi, fa,---: R™ — R be
measurable such that
0<fi<fo<l ...

Then
i, [ fein= [ (jm 5) an

4.4 Integrating non-non-negative functions

4.5 Integrating over sets other than R"

If X is any set, and f: X — R, we define

Zf(x) = sup{Zf(ac) FC X is ﬁnite}.

zeX zeF

Think about why we need this definition; why this is case complicated if X # N?

If X =N, prove that Y« f(z) =37, f(k).

Let (X,M, i) be a measure space, and let 7 be the completion of p. If f: X — R is
p-measurable, we know it must also be fi-measurable. Prove that [ fdu = [ fdu.

(Conversely, if g is M-measurable, it need not be M-measurable. But there is a M-

measurable function f such that f(z) = g(x) almost everywhere, and then [gdn = [ fdpu.)

Exercise 4.19. Let E € M and assume A(E) = 0. Prove that every function defined on E
1s measurable, and that fE fdu=20 for any f defined on E.

4.6 Two-place functions

Differentiating under the integral sign blah blah

Let [,m € N, and set n = [ +m. We can decompose R” by writing R” = R x R™. If we

have a point z € R", we will write z = (z,y), where z; = z; and y;_; = z;.
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Then we can view functions on R" as two-place functions on R’ and R™. We have
f(z) = f(z,y), and if we fix some specific yo € R™ then we have a function f,, : R' — R
defined by f,,(z) = f(x,y0). We can similarly define f,, : R™ — R by f,,(y) = f(z0,y).

We call these functions f, and f, the sections of f determined by y or x. They're
essentially the cross-sections we use to graph functions in multivariable calculus.

We’ll find those sections especially interesting if f is the characteristic function of some
A C R". Then we have

fy(x) =

1 (x,y) € A
0(z,y) € A°.

Then f, is the characteristic function of some subset of R!, and we write

Ay ={z €eR": (z,y) € A} = (xa),; " ({1})-

Thus by definition, we have x4, = (xa)y- We call the set A, the section of A determined by
Y.

If we have a function f : R, for any fixed y € R™ the function f, : R — R may or may
not be integrable. If it is, we will write F(y) = [ fy(z) dA(x).

If f, is integrable for almost every y € R™, then this gives us a function £ : R™ — R.

That “almost” is important, since it’s fairly hard to guarantee that f, is integrable for every
Y.

Theorem 4.20 (Tonelli). Suppose f : R"™ — [0,00] is measurable. Then for almost eveyr
y € R™, the section f, : Rl — [0, 00] is measurable, and thus the function F(y) = [o f,(z) dx
1s defined for almost every y.

Further, this function F : R™ — [0, 00] is measurable, and

[ rwian= | s

We’re not going to prove this, but I will give a quick outline. But first I want to take a
minute to convince you that this is exactly the result we used in multivariable calculus. We

have
[oa= [ Foa= [ [ fwdi= [ [ e

Thus the multivariable integral is the same as the iterated integral. And this is why in Math
212 we don’t really spend much time thinking about how to do double integrals and two-
variable Riemann sums directly; we can always just replace them with iterated one-variable

integrals.
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This also explains why we can interchange the order of integration whenever we want.
There’s not really any difference between x and y here except the order we write them in.

So we could just as easily have

dz = | F(z)de = (y) dy dz = ) dy dz.
[ roa= [ F@yde= [ [ pwdyde= [ [ sy

Thus we get the same thing no matter which order we integrate in.

Sketch of proof. First, through some fairly tedious work, we show that the result holds for a

characteristic function of a bounded set. We prove that
/ AAy) dy = A(A).

That is, if we integrate the measures of each section of A, we get the total measure of A.
(Recall this is how we computed volumes in calculus 2!)

After this we show that we can use the increasing function theorem as a lever. If Tonelli’s
theorem holds for each function in an increasing sequence of functions, it applies to their
limit. That is, if f;, — f,, then we get a family of functions F}(y) that converge to F'(y) by
the increasing convergence theorem. And then we can conclude that

/m F(y)dy = lim Fi(y)dy = lim - fi(z)dz = - f(z)d=.

J—=0 Jrpm J—00

But since the result holds for characteristic functions of bounded sets, we can lever that
up to give us any characteristic function, and then any simple function, and then any non-

negative function.

O

Tonelli’s theorem isn’t quite as strong as we’d like, though. It only applies to integrals
of non-negative functions. Fortunately, as usual, we can move from non-negative functions

to L' functions pretty easily.

Theorem 4.21 (Fubini). Suppose that f € L'(R™). Then for almost every y € R™, the

function f, is in L*(R"), and so the function

F(y) = L fy(z) dx

is well-defined. Further, this function is (finitely) integrable, and

[ rway= [ s
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Proof. This proof works in more or less the obvious way. We define f = f, — f_. Then for
almost all y € R™ the sections f;, and f_, are measurable, and by Tonelli’s theorem we

we can define the measurable functions

Gly)= | f-ydx H(y) = / frydx
Rl R!

and we get that
/ Gdy = fodz Hdy = frdz.
m R

Rm Rn
Since f € L', we know both these integrals are finite, which means that G, H are finite
almost everywhere. But if G is finite for almost every y, then le f-ydx < oo for almost
every y. Similarly, le f+ydx < oo for almost every y. Thus both are finite almost always,
and so f, € L'(R!) for almost every .

Further, for almost every y, we can take F(y) = H(y) — G(y) and thus F' is integrable.
Then we have

/ Fdy = Hdy — Gdy = frdz — fodz = fdz.
m R R™ R™ R™ R™

]

Proposition 4.22. If X is a measurable subset of R' and Y is a measurable subset of R™,
then X x'Y is a measurable subset of R", and A(X xY) = A X)A(Y).

Proof. We really only need to prove that X x Y is measurable, since the equality follows
from Fubini.

We can write both X and Y as countable unions of sets of finite measure. We can take
eg. X =UZ (XN Bj(x)). Butif X =J72, X; and YV = (J;Z, YV}, then we can write

XxY =] X xV.
k=1

So we just have to prove that X; x Y}, is measurable when X, Y} have finite measure.

Without loss of generality, suppose X, Y have finite measure. We can find F; C X C G;
and F, C X C G closed and open respectively, with A\(G; \ F1), A(G2 \ F2) < e. Then
iy x F, C X xY C Gy x Gy closed and open.

Now let’s consider the set G; x Gy \ F} X F5. We want to show we can make this as small
in measure as we want, because then we can squeeze our set X X Y between a closed set and

an open set. But we can see that
G1 X GQ\Fl X F2 - ((Gl\FI) X GQ) U (Gl X (GQ\FQ))
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This containing set is open. We can estimateE] its measure:

A((G1\ F1) x Go) U (G X (G2 \ F3))) < MG1\ F1)A(G2) + AM(G1)A(G2 \ F2)
< EA(Ga) + EN(GY)
< e(MFy) +¢€) +e(A(F1) +¢)
< e(AY) + A(X) + 2¢).

But this is all we needed: we can make A(G7 x Go \ F1 x F,) as small as we want. And this
means that X x Y is squeezed between an open set and a closed set, and thus is Lebesgue

measurable.

]

! Analysts use the word “estimate” to mean “we’re about to write down like twelve inequalities in a row
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5 Probability and Function Spaces

5.1 Probability and Measure

Definition 5.1. Let ©,F, P be a probability space. If X : Q — R is measurable, we say it

is a random wvariable.

In a probability context, this restriction to measurable functions maybe makes a bit more
sense. A random variable is a function where X ~!(a, b) is always measurable. And that just
means that we can coherently ask for the probability that X lands between a and b.

In some sense this definition is actually backwards. If we have a random variable of

interest, we may want to ask which sets we actually need to find probabilities for.

Definition 5.2. The o-algebra generated by a random variable X is the set
Fx=XYB)={S€TF:S5=X"(B) for some B € B}.

That is, we start with a random variable X, and we ask specifically which sets we need in

order to compute P(X~!(a,b)), the probability that X lands between a and b.

We always have Fx C F, but sometimes it is a great deal smaller. For instance, if X is
a constant, then X ~!(B) is either & or €, depending on whether the single constant output
is in B or not. Thus Fx = {@,Q} C F.

If X is a simple function then Fy is finite; if X takes countably many values then Fx is

uncountable. In general, the more complicated X is, the more sets are in F.

Exercise 5.3. Prove that Fx is a o-algebra.
Exercise 5.4. Is the family {X(A) : A € F} a o-algebra of subsets of R?

When we run an experiment, we often want to know about 2. But the random variable
X is the outcomes of the experiment we can actually measure. So we can’t actually see
anything more fine-grained than Fyx by measuring the outcomes of X. If your random
variable is reporting whether a number is even or odd, for instance, you'll never be able to
learn anything about how common any given number is.

Given a random variable X : 2 — R, we can get probability distribution over R.

Definition 5.5. Let X : Q — R be a random variable. We define the probability distribution
of X to be the measure P, defined by Px(B) = P(X~!(B)) for any Borel set B C R.
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We need to prove that this is actually a measure.

Proposition 5.6. Let X : 2 — R be a random variable. Then the probability distribution

Px is a probability measure on the Borel sets of R.

Proof. We need to prove three things. It’s easy to see that P,(@) = P(2) = 0 since P is a
measure. And clearly Px(R) = P(Q2) = 1 since P is a probability measure. So we just need
to prove that Px is countably additive on disjoint sets.

Let Ay, Ay, ... be disjoint Borel sets. Then their inverse images X ~1(A) are disjoint, and
X1 (U2, A) = U2 X71(A;). Then we can compute

(09 (01)
—p (D X! (AZ-)>
= Z P(X7'(4)) = Z Px(A;).

]

We can build a lot of useful probability distributions this way. For instance, fix a real
number ¢ € R and suppose X(w) = a for any w € Q. Then Px is the Dirac measure
do(B)=11if a € B and §,(B) =0if a ¢ B.

In fact, we can get pretty much any discrete probability distribution here, by taking X
to be a step function that outputs only our discrete outputs. These probability distributions

are weighted sums of Dirac measures:
Pe(A) = 3 pida,(A)
i=1

where each a; € R and Zfil p; = 1. We say that each value a; occurs with probability p;.
Notice that this covers cases with finitely many possible values, like a die, and also cases
with infinitely many possible discrete values, like a Poisson distribution.
We can also get most reasonable continuous probability distributions this way. Let 2 =
[0, 1], with the Lebesgue sigma algebra and measure. We can define X :  — R by X (w)aw+
(. Then for any subset B C R we have

Pye(B) = 2)\(B A b, a+b).
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But both of these situations could be handled by more elementary probability methods.
The real theoretical value of a measure-theory approach to probability is that we can combine
them.

Example 5.7. Suppose we're going to drive from Los Angeles to San Diego. We plan to
leave tomorrow at random between noon and 4 PM, and it takes two hours to drive 120
miles there. What is the probability distribution of our distance from San Diego at 4 PM?

If we know when we're going to leave, it’s easy enough to figure out our distance at 4
PM. Specifically, if left before 2PM, our distance will be zero. But if we left at time w after
2 PM, our distance will be 120 — (4 — w)60 = 60w — 120. Putting this together gives the

random variable
X(w):{ 0 we 0,2
60w — 120 w € (2,4].
The probability distribution of X gives us a probability measure [0, 120].
Specifically, we define a uniform probability measure on [0,4] by P(A) = A(A)/4. Then
if B C [0,120], we define Px(B) = P(X~'(B)). This measure works out to be

PﬂBy—§dm+%<£%MBO.

The probability measure is partly continuous and partly discrete. This doesn’t cause any
problems to our new approach, though: we can integrate against this measure perfectly fine.

In fact, integrating against these measures is quite simple.

Proposition 5.8. Let X : Q2 — R be a random variable. Then

[ ota)ipsta) = [ g(x)apeo)

Q
This tells us that we can convert between integrals against Px on R, and integrals against

P on ). This is especially helpful when, for instance, € is a subset of the real line and P is

a scaling of the Lebesgue measure.

Proof. We really only need to prove this for characteristic functions. We see that

/R ya() dPy (x) = Px(A) = P(X~1(4))

[accyare) - [ (; giz; Zj) 1P (w)
:/ 1 ifwe X 1(A) 1P(w)
o\ 0 ifwg X1(A)
:Lmﬂw@mmwzpulm»
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Thus the equality holds for characteristic functions.

The rest of the proof follows from our standard arguments. By linearity, the result holds
for any finite linear combination of characteristic functions, and thus for non-negative simple
functions. By the Monotone Convergence Theorem, then, our result holds for non-negative
functions. And if our functions are in L' then our result holds for g, and g_ separately, and
thus holds for g. O

With our previous example:

[ox@yare) = [ g@rsa) = [ o) 5din+ [ oo 5 an

Many probability distributions we want to define will be continuous.

Definition 5.9. We say a probability distribution P is (absolutely) continuous if there
exists some function f : Q@ — R such that P(A) = [ 4+ [ dp. The function f is the probability
denssity function.

It must be the case here that fw fdu=1.

Example 5.10. e The uniform distribution: let 2 C R be a set with finite Lebesgue

f(sc):{ W £e8

measure, and define

0 z=&0Q.

e The Gaussian or normal distribution: define

n(r) = —exp (_M) .

210 202

e The Cauchy distribution: Define

1
clx) = Tar )

The cumulative distribution function is the function F(y) = [?_ f(x)dx. This function
is absolutely continuous, which is a stronger property than just continuous, and is basically
equivalent to the Fundamental Theorem of Calculus holding.

It is possible to define a cumulative distribution function that is continuous but not
absolutely continuous, and that doesn’t come from a density function. Consider the Lebesgue
function f: R — [0, 1] we defined in section
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This function is continuous by definition, and since it is constant on all the closed intervals

we removed, it has zero derivative almost everywhere. Consequently, we can compute that

/Olf’(t)dt:/()l()dtzo,

but f(1) — f(0) = 1, so the fundamental theorem of calculus doesn’t hold here!

(The fundamental theorem has the continuity of f’ at all but finitely many points as a
hypothesis. That is much stronger than requiring the derivative to merely exist, or even be
continuous, almost everywhere.)

But the important thing is that we can translate between cumulative distribution func-

tions and random variables.

Definition 5.11. Let X : Q — R be a random variable. We define the cumulative distribu-

tion function of X to be

Fx(y) = Px((—o0,y]) = P({w : X(w) < y}).
This is a function from R to [0, 1].
It’s easy to check that this CDF has a few nice properties.
Proposition 5.12. 1. Fx is non-decreasing.
2. limy o Fx(y) =1, and lim,, o Fx(y) = 0.
3. Fx is continuous from the right.

The CDF isn’t always continuous. This is pretty obvious if we consider something like
a discrete space; the CDF corresponding to rolling a die has discontinuities at 1,2, 3,4, 5, 6.
But all the discontinuities have to correspond to individual points in R that have positive

probability.
Exercise 5.13. Prove that Fx is continuous if and only if Px({y}) =0 for ally € R

We can also go the other way, and this allows us to ignore a lot of potential complexity
when actually working with probabilities. In particular, any time we have function that
looks like a CDF, then we can pretend it comes from a random variable. Even better, we
can assume this random variable is on the space ([0, 1], B, \); so once we get the CDF we

care about, we can totally ignore the structure of the underlying probability space.
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Theorem 5.14. Suppose F' : R — [0, 1] satisfies all three conditions given in proposition
??. That s, F' is nondecreasing, asymptotically approaches 0 and 1, and is right continuous.
Then F is the cumulative distribution function of some random wvariable on ([0,1],B,\).

That is, there exists a random variable X : [0,1] — R such that F' = Fx.
Proof. We start by defining two different “quasi” random variables.
X (w) =inf{z: F(x) > w}
X (w) =sup{z : F(z) < w}.
We claim that F'xy- = F', that is, that
Fly) = AMw: X" (w) <y}).

But since F' is increasing, we know that this set is an interval with left endpoint zero. So we
just want to prove that F(y) is the right endpoint of this interval, that is, if X~ (w) < y if
and only if w < F(y).

Suppose w < F(y). Then

{z:Fz)<w}C{z: F(z) < Fly)} C{zx:z <y}

since F' is monotonic. Thus X~ (w) = sup{z : F(z) <w} < y.
Now suppose X~ (w) < y. Then we know that F(X 1 (w)) < F(y). Because we assumed

F' is continuous from the right, O

Theorem 5.15. If Px is an absolutely continuous probability distribution on ) with density

fx, and g : 2 — R 1is integrable with respect to the measure Px, then

/Q x) dPx (v / fx(x

Proof. Prove for characteristic functions y 4, and then extend. O

Definition 5.16. If X is a random variable on (2, F, P), we define the expectation or ezpected

value of X to be
= / X dP.
Q

E(X) = /R v dPy(x)

It’s easy to see that we have

and if X has density fx then

E(X) = /R 2 fx(x) da.
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Remark 5.17. The terminology here is historical and pretty fixed, but also terrible. We
rarely expect to get the expected value of a random variable in any consistent way. And it’s
pretty common for the expected value to be not just measure zero, but actually impossible;

the expected value of a die roll is 3.5.

Definition 5.18. Let X be a random variable. Then we define the moment of order n of
X to be E(X™), if this integral exists.
If we set 1 = E(X), then we define the central moments of X to be E ((X — pu)™).

Our preceeding work makes these easy to compute.
E(X") = /x” dPx(x)
B(X — ") = [ (@ = )" dPx(a)

and if X is absolutely continuous with density fx then
E(X") = /:c"fx(:c) dx
Bl(e —)") = [ (o= 0" xo) do.

These quantities tell us a lot about how our overall probability distribution/measure is
shaped. (For instance, the second moment measures the variance, and the third measures
the skewedness of the distribution.)

Since all of these computations are just integrals, we have a lot of useful tools to prove
things about them. We will develop more specific ideas about these sorts of integrals soon,

when we study the L” spaces.
Definition 5.19. We say the variance of a random variable is the second central moment
Var(X) = E((X — p)*) =E((X — E(2))?).
Because the integral is linear, we can expand this out:
Var(X) = E(X? — 2uX + p%) = B(X?) — 2uE(X) + p? = E(X?) — .

Thus if we know all the moments, we can find the central moments. A litlte thought shows
you that this relationship is symmetric: if we know the central moments, we can find the
moments.

But if we want to really understand these moments—or some of the fun things we can

do with probabilites—we have to understand function spaces.
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5.2 Function spaces L”
Fix a measure space (X, M, p1) (or a probability space (2, F, P) if you like).

Definition 5.20. Let f : X — R be measurable. Then for any p > 1 the function |f|” is
also measurable, and so [ |f[P du is well-defined in [0, 00]. We say that f € L?, or when we
need the precision that f € LP(X, M, ), if the integral [, |f|P dpu is finite.

If f e L?, we define the norm of f to be

1/p
1£l, = ( /X P du)

We really want to consider equivalence classes of functions, where f ~ ¢ if and only
if they are the same outside some set of measure zero. When we talk about the space of
functions LP we really mean the space modulo this equivalence class. We’re mostly gonna
be super lazy about this, though.

On this quotient space, the norm || - ||, satisfies the four norm properties:
L O<[Ifflp <oc
2. ||fll, = 0if and only if f =0 (almost everywhere)

3. Nlefll, = [l 1], for any ¢ € R

4N+ gl < 11l + llgll-

The first three properties are fairly trivial, though it’s important to note that we sort of
gerrymandered the definition to make them work. The second property is specifically the
rule that [ « [fIPdp =0 if and only if f = 0 almost everywhere. The third is the reason we
must take the pth root of the entire integral.

The fourth property, known as Minkowski’s inequality, is not at all trivial. First we need

a stepping-stone result.

Definition 5.21. If 1 < p < oo, the Hélder conjugate of p is the number ¢ = p%l. Thus
number satisfies ]13 + % =1

If p =1 we define ¢ = oo and vice versa.

Exercise 5.22. If 1 < p < oo and a,b > 0, find the maximum of the function f(b) =
ab — a?[p. Conclude that
ab < a’/p+b?/q.
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Proposition 5.23 (Holder’s Inequality). Suppose f € LP and g € L%, where 110 —i—% = 1.
Then fg € L' and

\ / fgdu] < 11/l Nl
X

Proof. We can assume both norms are positive, since the result is trivial if one of the norms
is zero. We can then multiply by constants to assume that || f|, = ||gll, = 1. Then for any

x, by exercise 7?7 we have

F@)g(x)] < %|f(fv)|” + §|g<x>|qw

and integrating gives that

1 1
fgldp=—+—=1=[fl gl
/X\ | P 11z llgl
O

Proposition 5.24 (Minkowski’s Inequality). Suppose 1 < p < oo and f,g € LP. Then
f+gell, and
1f +gllp < [ £l + llgllp-

Proof. First we prove that f + ¢ € LP. That is, if | f|? and |g|” have finite integrals, then so
does | f + g|P. This isn’t completely trivial, since |f + g|P # |f|" + |g|P. (In contrast, this is

trivial if we take p = 1.) But we can compute

|f+g” < (If]+[g])?
< (2max{|f],]g]})" = 2" max{[f[", |g|"}
<2(| PP+ |gl").

Since |f]? and |g|’ have finite integrals, so does this. And thus, since |f + g|? is dominated
by an integrable function, it is integrable.

To prove the inequality, assume without loss of generality that ||f + g||, = 1. Then

1=/|f+g\pdu=/!f+g|\f+g!pldu
< / FIF 4+ gl dut / gl 1f + 9P du

< fllp - M1f + gl g + llglly - M1F + g~ o
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But
1/q
1+l = ([ 16+l )
(p—1)/p
= (/\f+glpdu)
_ -1 _
so we get
/ 1+ g < [ £l + gl
as desired.

[]

What do all these norms look like? The 1-norm is measuring the area under our functional
curve, essentially. The 2-norm gives more weight to places where the function is big, and
less where it’s small; as p gets bigger and bigger, more of the weight is on the biggest points

of the function. As p goes to infinity, only the largest outputs of the function matter.

Definition 5.25. Let f be a measurable function. We say that f is essentiallly bounded if
there is a number M < oo such that |f(z)| < M almost everywhere.
We define the space L>(X, M, i) to be the set of essentially bounded measurable func-

tions on X. Then we define the co-norm to be
| flloo = inf{M : |f(x)] < M for almost all z.}

That is, if f is essentially bounded, then || f|| is the smallest possible essential bound.

Why do we need to worry about “essential” boundedness? Remember that we consider
two functions to be “the same” if they agree almost everywhere. So we have to play games.
If we restrict ourselves to continuous functions or something, where every point has a distinct

value, this issue goes away.
Proposition 5.26. If f € L™, then |f(z)| < ||f|le for almost every x.

Proposition 5.27. If f € L" for some r < oo, then lim, o0 || fll, = | flloo- (If f & LP we
set [|fllp = o0.)

Because the functions || - ||, are norms, they induce metrics and make L into a metric
space. In fact, it is a normed vector space. We can even do a little better. All of these spaces

are complete, which makes them Banach spaces.

http://jaydaigle.net/teaching/courses/2020-spring-395/ 67


http://jaydaigle.net/teaching/courses/2020-spring-395/

Jay Daigle Occidental College Math 395: Real Analysis II

Theorem 5.28 (Riesz-Fischer). For 1 < p < oo, the space LP(X, M, u) is a Banach space.
Notice that this doesn’t actually depend on the space X or the measure !

Sketch of proof. Let fr be a Cauchy sequence. Then we can find a subsequence such that
| fes1 — fell, < 27%, and it’s sufficient to show this subsequence converges.

Define F' = [fi| + 3272, [ fit1 — fill,- Then ||[F|l, < [|fill, + 1 is finite, and since the
integral is finite the function F' must be finite almost everywhere.

Then almost everywhere, we have that |fi(z)| + >, [ fj+1(x) — fi(x)| converges, and
thus fi(z) + 372, (fj+1(x) — fj()) converges absolutely.

Define f(z) to be this limit when it exists, and 0 otherwise. Then f is defined almost

everywhere and measurable. And

o

> (fim -

]:

o0

< e = il

,]—

Hf - fk“p =

8

j=k

Thus the sequence fj, converges to f in the || - ||, norm. O

Notice the important two-layer argument we’re making here. First we show that f; has
a pointwise limit f almost everywhere. Then we show that f; converges to f in the metric

induced by the L? norm. This gives us the important corollary:

Corollary 5.29. If a sequence of functions fr converges to a function f in the LP norm,

then there is a subsequence that converges pointwise to f almost everywhere.

Important note: a sequence can converge in LP without converging pointwise almost
everywhere. And a sequence can converge pointwise without converging in norm.

Perhaps most weirdly, a sequence of functions that are both LP and LY can converge in
the LP norm and not converge in the LY norm.

What about L*°? This is also a (complete) Banach space. That result is somewhat easier
to prove but I'm not going to do it here.

There are a few other important function spaces that come up a lot in this sort of

discussion.
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e Given a topological space M, we define Cy,(M) to be the set of continuous bounded
functions f : M — R. We can define a norm || f|| = sup,¢,; | f(x)]. This makes C} into

a Banach space. Convergence in this norm is just uniform convergence.

(This is sort of a smaller version of L*°. But here we don’t have to worry about the
“essentially bounded” bit because our continuous functions are defined at each point.

There’s no “almost everywhere” flexibility to them.)

e We define the space Cy(R") to be the space of continuous functions f : R”™ — R such
that lim; f(2) = 0. We can again define a norm || f|| = sup,epn | f(2)].
In fact, all such functions are bounded, so Cy C C}, with the same norm. Because C

is a closet subset of a complete space, it is itself complete.

e The space Co(M) of continuous functions with compact support, meaning that each
function must be zero outside of some compact set. Then Co(R"™) C Cy(R™). But C¢

is not a Banach space, and in fact it is dense in Cy under the co norm.

Similarly, C(R™) C L'(R"), and is dense in L' under the 1 norm.

e You will sometimes see the space ¢P(R). This is the space of sequences of real numbers,

1/p
(@)l = (Z |xn|p) :

This is actually just the same thing as LP. In particular, if X = N and p is the counting
measure, then #(R) = LP(X, M, p).

with norm

Conversely, for any LP(R™) it is possible to find a separable basis, a countable set of

elements {gi, ...} such that we can write any f € L? as a convergent sum. Then if

f= Z @;9;
j=1

we can identify f with the sequence («q,q,...). If we choose our basis well, the ¢

norm and the L? norm will be the same.

There’s one more space I want to call special attention to here.

Definition 5.30. We define C(R™) to be the space of smooth functions with compact
support. That is f € CZ if every partial derivative of any degree of f is defined, and also f

is zero except on some compact subset of R"™.
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Theorem 5.31. Assume 1 < p < oco. Then CZF(R™) is dense in LP(R").

This theorem is really important, because it allows us to approximate LP functions with
much nicer and more controllable functions. Thus L? functions can get pretty wild, but they

can’t get too wild outside a set of measure zero, because they still need to be approximable.
Proposition 5.32. Suppose 0 < pu(X) < oo and 1 <p <q < oo. Then LX) C LP(X).

Proof. Suppose f € LY(X). If |f(x)| > 1 then |f(z)|” < |f(x)]?, and clearly if |f(z)] <1
then |f(z)|? < 1. Thus |f(z)? <14 |f(2)|? for any x. Then we conclude

/X|f‘pdﬁb§/deu+/x|f\qd,u:,u(X)—i—/X\f|qd,u<oo.

5.2.1 Functionals and Inner Products

Definition 5.33. If V' is a (real) vector space, and f : V — R is a linear function, we say
that f is a linear functional.
We define the dual of V' to be the space V* of continuous linear functionals on V. This

dual space is a vector space, and if V.

We have a big supply of linear functionals lying around, even if we haven’t called them

that yet.

Example 5.34. Let (X,M, 1) be a measure space, and let p > 1. Then the map

f%+/ifpmi

is a linear functional on LP(X).

But this is a sort of inflexible approach when we want to look at the dual space; if we
change p then we change the underlying space as well. We have a better and more general
way of thinking of all the linear functionals on some space.

Fix a function g : X — R. Then we can try to compute [, f(z)g(x)du(x). If the
function fg is integrable, then this will be a real number; so the function g gives us a linear

functional
fe/mm
X

Where is this functional defined? Precisely on the set of functions such that fg € L. If we

want a linear functional on L, then we need to guarantee that fg € L' for any f € LP(X).
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The answer comes from Hoélder’s inequality in proposition ?7. Recall that if f € LP and

geLq,Wherel—lj—i—é:land1<p,q<oo,then

[ tadu| <151, < o
X

Thus whenever g € L9(X), we have a well defined functional on L. So we have a natural
inclusion L9(X) — LP(X)*. (And this is sort of an extensions of our “try some different
measures” theory from earlier: for every function g we get a measure g du, and f is integrable
with respect to the measure g dy if and only if g € LY(X).)

But we can actually get an even better result. It turns out that inclusion is actually
an isomorphism. Every function in L? gives a linear functional on LP; but in fact every
linear functional on LP can be viewed as integrating against a function in L?. So there is a

canonical isomorphism

LYX) 2 LP(X)*

gH(fH/ngdu)-

Remark 5.35. This is more complicated if p = oco; the dual of L°°(X) is much bigger than
L'(X) if we assume the axiom of choice. (This is crazy nonsense because why is the axiom
of choice showing up here, and yet.) But we mostly don’t worry about that.

This also only works for p = 1 if your space X is “o-finite”, meaning it’s a countable
union of finite-measure sets. But this will be true of most reasonable spaces you want to
deal with.

But this is most interesting in the case where p = 2. Then ¢ = 2 as well, so we have
a canonical isomorphism L?(X) = L*(X)*. That is, for any g € L?*(X), we have a linear
functional that maps other L? functions to R. This gives us something a bit better than just

a space of functionals.

Definition 5.36. Let f,g € L?*(X). We define the inner product of f and g to be the real

number
(f,9) = /fg dp.

This makes L*(X) into a Hilbert space, which is a complete inner product space.
An inner product has to satisfy three (and a half) properties:
e (Positive Definite) (f, f) > 0, and (f, f) = 0 if and only if f = 0 (almost everywhere).
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e (Symmetric) (f,g) = (g, )

e (Bilinear) The maps f — (f,g) and g — (f, g) are linear functionals on L.

Every inner product induces a norm +/(f, f). We note that this norm is in fact the L?
norm.

In the case of L?, the Holder inequality specializes to become the Schwarz inequality:

(f. )] = \ / fgdu] < 11l lgll-

In this case that allows us to define the angle between two functions: we set

(f,9)

cosf) = ————

1/ 112 [lgll2

Remark 5.37. 1t’s not hard to prove that none of the other L” norms can possibly come from
inner products. In particular, a norm from an inner product has to satisfy the parallelogram

law:
If +gll>+11f —gll> =2l £1” + 2llglI*.

The L? norm satisfies this law. But it’s not too hard to find counterexamples for the L?

norm when p # 2.

This inner product gives us the ability to do function independence and projection.
Definition 5.38. We say two functions f,g € L? are orthogonal if (f,g) =0

For instance, if we take X = [0, 1], then the functions f(z) = 1 and g(z) = 2z — 1 are

orthgonal. But neither function is orthogonal to h(z) = x.

Example 5.39. Let X = [—m, 7| with the Lebesgue measure. Then the set of functions
{1} U {sin(nz) : n € N} U {cos(nz) : n € N} are all orthogonal to each other. This is

probably the most important example in physics.
We can push this further, and define projection and orthogonal decomposition.

Proposition 5.40. Let H be a Hilbert space, and K a complete subspace. For any h € H we
can find a unique h' € K such that the function h” = h — I’ is orthogonal to every function
n K.

It’s equivalent to require that ||h — I || = inf{||h — k|| : k € K}.

Sketch of proof. Set dx = inf{||h — k|| : k € K}. We can find b’ € K with ||h — /|| = 0k by
choosing a sequence k,, € K such that ||h — k|| = dx. Can prove this sequence is Cauchy

using the parallelogram law, so it converges to h'. [
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We write K+ for the set of vectors orthogonal to every vector in K. Then this propsotion
shows that we can write h = h/ + h” where b/ € K and h” € K+, and furthermore that this
is unique. So we have H = K ® K+.

(In linear algebra, if K is the rowspace of some matrix, then K+ is the kernel, and vice
versa.)

We can even do a little better than this if we make things more concrete.

Definition 5.41. We define the projection of f onto g to be the function

p = Proj, f = Mg.
(9,9)

In this case f — p is orthogonal to g and p.

This is basically a way of finding the orthogonal decomposition when K is a one-

dimensional subspace.

Definition 5.42. A countable set {fi, fo, ...} of functions is a separable basis for K if every

g € K can be written uniquely in the form

oo
Z a;fi
i=1

for some «o; € R.
The set is an orthogonal basis if (f;, f;) = 0 whenever i # j. It is an orthonormal basis

if we also have || fi||2 = 1 for each i.

Example 5.43. The set {1,sin(nz), cos(nz) : n € N} is an orthogonal basis for L*[—m, ).
(This is not trivial to prove.) We can make it into an orthonormal basis by dividing each

function by an appropriate constant.

Proposition 5.44. Let K C L?(X) be a complete subspace, and {fi,...} an orthonormal
basis for K. Let g € L?. Then if we set

o)
i=1

thenp € K and g —p € K+. If g € K then g = p.

This gives us an effective way to compute the h' and h” of proposition ?77.

If we do this process with the orthonormal basis in example ?? then we get Fourier series.
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5.3 Independence and Correlation

Recall that two random variables X,Y : Q — R are independent if P(X'ANY~}(B)) =
P(X1(A)P(Y"Y(B)) for any Borel sets A, B.

Proposition 5.45. X andY are independent if and only if E(f(X)g(Y)) = E(f(X))E(g(Y))

for all measurable bounded f,g.

This is probably a simpler way of thinking about what independence means. As always,
the proof is to check the result for characteristic functions, and then extend up the chain
using linearity and monotone convergence. With a little bit of work (to deal with the

“boundedness” constraint), we get teh following result:

Proposition 5.46. Let X,Y be independent random variables. If E(X) = E(Y) = 0 then
E(XY)=0.

But note that E(XY) = (X,Y) is an inner product; so this tells us that independent
random variables with zero mean are orthogonal. We really want to generalize this, but we
have to tweak some things first. For instance, if E(X) = E(Y) = 1 then X and Y won'’t be
orthogonal.

We can tweak the definition of inner product, however, to make this work better.

Definition 5.47. Let X be a random variable with E(X) = pu. We define the centered
random variable X, = X — E(X); then E(X,) = 0.

We can define an almost-inner-product on L?*(§2) as follows: the covariance of two random
variables X, Y is

Cov(X,Y) = (X, Yo)s = E((X — E(X))(Y — E(Y))) = E(XY) — E(X)E(Y).

This is bilinear and symmetric, and positive semi-definite: Cov(X,X) > 0, and the
covariance is zero if and only if X is constant almost everywhere. This is close enough to
an inner product that we still get the Schwarz inequality, and so we can define the cosine of
the “angle” between two distributions:

Cov(X,Y)
v/Cov(X, X) Cov(Y,Y)

pxy = cost =

This is the correlation between X and Y.

If p = 0 we say that X and Y are uncorrelated, and then we see that E(XY) = E(X)E(Y).
Thus it’s fairly clear that independent variables are uncorrelated. However, the converse isn’t
true.

This setup also makes it easy to prove assorted other facts about variances and correlation

(and notice the variance of a random variable is just its covariance with itself).
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5.4 Conditional expectation

Let X € L*(Q,F,P), and let § be a o-algebra contained in F. Then L?*(§) is a complete
vector subspace of L*(F), and so we can orthogonally decompose with respect to it. Let
Y € L*(G) be the orthogonal projection of X; we can view Y as the best predictor of X if
we're limited to §-measurable functions.

Then for any Z € L?(G) we have

(X—KZ)z/(X—Y)ZdP:O.

Since xg € L*(G) for any G € G, this means that

/G(Y)dP:/G(X)dP

for any G-measureable event G.

Definition 5.48. Let (Q2,F, P) be a probability space and § a sub-o-algebra of F. If X :
) — R is a random variable, we define E(X|G), the conditional expectation of X given G, to

be the unique G-measurable function such that

/GXdP:/Ge(Xyg)dP

for any G € G.

Clearly there is a unique such random variable if X € L*(Q), which we can generate with

orthogonal projection.
Proposition 5.49. e E(E(X]9))
e If X is G-measurable, then E(X|G) = X

o If X is independent of G then E(X|G) = E(X).

E(aX + bY|S) = aE(X|S) + bE(YS).

If X >0 then E(X|SG) > 0 almost everywhere.

If X,, are non-negative and monotonically converge to X, then E(X,|G) monotonically
converge to E(X|G).

IfY is G-measurable and XY € L' then E(XY|G) = YE(X]9)
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