Math 1232 Practice Final Solutions

Instructor: Jay Daigle

(a) These are the instructions you will see on the real test, next week. I include them here so you know
what to expect.

(b) You will have 120 minutes for this test.

(¢) You are not allowed to consult books or notes during the test, but you may use a one-page, two-sided,
handwritten cheat sheet you have made for yourself ahead of time.

(d) You may use a calculator, but don’t use a graphing calculator or anything else that can do symbolic
computations. Using a calculator for basic arithmetic is fine.

(e) This test has 14 questions, over 9 pages. You should not answer all the questions.
(a) The first four problems are one page each, representing the four major topics. You should do all
four of them, and they are worth 3077 points each.

(b) The remaining 10 problems represent topics S1 through S10. You will be graded on your best
four, with a few possible bonus points if you also do well on further questions.

(¢) But doing four secondary topics well is much better than doing six poorly.

(d) If you perform well on a question on this test it will update your mastery scores. Achieving a
27/30 on a major topic or 9/10 on a secondary topic will count as getting a 2 on a mastery quiz.

Name:

Recitation Section:



T
Major Topic 1. a) Compute /7dx.
j P (a) Comp Vg
Solution:
Take 22 = 2u so du = x dz. Then

[t = [t [ 5
Vi —at VA4 — du? 2V1—u2
1 1
=3 arcsin(u) + C = 3 arcsin(x?/2) + C.

(b) Compute /53”” dzx.

Solution: Take u = 3z so du = 3dx and we get

1 1
3z = - w EEp—
/5 dx—3/5 du 311155 +C

1 3z
= 311155 +C.

(c) Write a tangent line to the curve y? = 2% °°5(®) at the point (7/2, —1).
Solution: Implicit differentiation gives us
21n(y) = z cos(z) In(z)

2 /

Rl cos(x) In(z) — xsin(z) In(x) + cos(x)

Y

1

y' = 3 (cos(z) In(z) — x sin(x) In(z) + cos(z)) y.

When x = 7/2,y = —1, this gives us

y = % (Oln(r/2) — 7/2- 1-In(x/2) +0) (=1) = % (7/21n(7/2))
_ 7(In(7) —In(2))
4
and thus the tangent line has equation
Y= 7T(1n<71')4— In(2)) (5 —7/2)— 1.
Major Topic 2. (a) /sinxcos?xdm

Solution: Take u = cos2z and dv = sinxz dx. We get du = —2sin2x dx and v = — cosx dx, and

/sinxcos2xd:c: —cos?xcosx—/2s1n2xcos:cdx
= —cos2xcosx — 2 (/sin2xcosxdm)
= —cos2xcosx — 2 (sinxsin?x—2/sinxcos2xd:c>
= —cosxcos233—25inxsin2x+4/sinx0052xdx
-3

sin x cos 2x dr = — cos x cos 2x — 2 sin  sin 2x

1
/ sin x cos 2z dx = 3 (cos x cos 2z + 2 sin x sin 2x)



(b) / ad _dz
Vi ooVr? -7
Solution: We see as vz2 — 7, which should make us think of trigonometric substitution, and in
particular v/7sec = z. (In the original version of the practice final I posted I had a typo here; see
below). We work out dz = v/7secftanfdf, and the bounds now range from secf = 1 to sec = 2,
and thus 6 = 0 to 0 = 7/3. Thus

2v7 dz B ™/3  \/TsecBtan @ do
/ﬁ xmi 0 VTsecOv/Tsec20 — 7
B /3 secOtan 6 df
B /0 secHV7tan’ 4
LA 0 e o
_/0 VioVTY 3T

4
(c) / 21D+ (1) dx

Solution: We have

4 Ax+ B C D
@)@+t D@ -1 2+1 o4l z-1
(x2+131(m+1) - - —ZSQB—?-(T_ . * Ca(r:x—k_ll) D
T=D
(x2+1§($—1) - Zf i(i:+1) O+ D:(clel)
L0

and combining this all gives

4 Az +B -1 1
@+ )+ D@1 2+1 a4l w1

4= Az +B)(z+)(z—1)—(@*+1)(z—1)+ 2>+ )(z+1)
4=B1)(-1) - (1)(-1)+(1)(1) = -B+2
—-2=28
4=Ar -2+ —-1)— @+ )(z—-1)+ @ +1)(z+1)
4=(24-2)3)1) = (5)(1) + (5)(3) =64 —6—5+15
0=6A4

and thus we have A =0,B = —2,C = —1, D = 1. Thus our integral is

/ [y _/ -2 1 L
4 —1 v 2+1 -1 z+1 v

= —2arctan(z) +In|(z — 1) —In|(z + 1)| + C.

Solution: The terms of this series are

o0 71 n
Major Topic 3. (a) Analyze the convergence of Z 3(1 ()>
nln(n

n=2

decreasing and tend to zero, and the series is clearly alternating, so by the alternating series test the

series converges. Once we take the absolute value, we have the series > nl?m. We can’t compare this




o) % because that’s unhelpful. You may remember from class that this diverges; if not, we compute

+ 1 |
/ 00 dr = lim / dx
1 zlnzx t—=+oo J; xlnzx

Int
= lim —du
t——+o0 1 u
= lim Inu/"* = lim Inlnt—Inl= 400
>+ 00 t—+o00

so by the integral test the series does not converge absolutely. Thus the series converges conditionally.

- 5n+7\"
b) Anal th f -1
(b) Analyze the convergence o ;( ) <8n — 4>

Solution: We use the root test. We have

5
=-<1
8<

n+7
li -1)"
nﬁlr}rloo (=1) 8n —4

so the series converges absolutely.

o0 3 2
n°+n +n+1
¢) Analyze the convergence of -1
(c) n§:1( e

Solution: We consider the absolute value of this sequence. The sequence
and+n?+n+1 R e T |

,i(‘ Ve ’:n_l Vo

is positive, so we can use the Limit Comparison Test. We have

. (P4 n+n+1)/vVnd . 0924 nT/2 4 b2 4 p3/2 . 1+1/n+1/n?+1/n3
lim = lim = lim =1.
n—o00 1/’/TL3 n—o00 n9/2 n—o00 1

Thus by the Limit Comparison Test, our series converges if and only if > # converges. But 3/2 > 1
so this converges, and thus our series converges (absolutely).

Major Topic 4. (a) Find a power series for %(6213 — 1), and write down the first three non-zero terms
explicitly.

Solution:

ooxn 2 3
e:z;)m =ltaot+ g+
O Hn,.3n
2% 2"z _ 3 6, 4 9
e —Z ] =142x°+ 2z —|—§:c + ...
n=0

1 03 s 2711,37173 2n+1x3n 3 4 6
L 0 1) = — _ =2 2 —
x?’(e ) Z n! Z (n+1)! e 3" *

n=1 n=0

(b) Find a power series for 22 arctan(z?) centered at 0.

Solution: We know that arctan(z) =7 ,(—1)" gén+1 Thus

2n+1 4n+4
Z‘ arctan _$2Z 27—1_1_2 2 +1
n n




3

(¢) Find the degree-three Taylor polynomial for f(z) = -% centered at 3.

x3
Solution: First we compute some derivatives:
3 1
f(z) = P f3) = 9
/ _ i / — _1
f'(w) = =3- FB)=-3
1/ _ i 1" _ i
1'(@) = (305 1'6) = o
" _ 3 n — _%
1) = ~(3)(4)(5) = 1) =5
Then the Taylor polynomial is
11 4/27 5 —20/81 3

Secondary Topic 1. Let g(z) = V29 + 27 + 2 + 1. Find (g71)'(1).
Solution: We see that g(0) =1, so g~*(1) = 0. Then by the Inverse Function Theorem we have

1y _ 1 _ 1
@M= GTmy ~ 7o)
g (z) = %(mg +27 + 2+ 1)7%(92% + 728 + 1)
§0)= (1) = ¢

(g1)'() =5.

e’ —tan(z) — 1

Secondary Topic 2. Compute lim 5
z—0

x
Solution:
i e’ —tan(z) —1 i e® — sec?(x)
x—0 ;L'2 x—0 2x
— lim e® — 2sec?(z) tan(x) _ 1
z—0 2 2

£

Secondary Topic 3. Approximate / 3% dx with four intervals and Simpson’s Rule.
1

Solution:
5

%(f(1)+4f(2)+2f(3)+4f(4)+f(5))
/53“dxz;(31+4-32+2-33+4~34+35)
1
=1

+12 4 18 4 108 + 81 = 220.

1
2 — 2z

—+o00
Secondary Topic 4. / dx
1

Solution:
—+o0 t dx
dr = lim
/1 2 —2x t—+oo J; 22 — 21

. > da +/t dz
Ctotoo fy x(z—2)  Jy x(x—2)

i [ [ /tdﬂf
e i w(—2)  soer ), w(r—2)  totoo Jy x(z—2)




The integral converges if and only if each of these three integrals converges. But let’s consider the first one:

. " dx . 1/ 1 1
lim ——— = lim = — —dx
ro2- )1 z(x—2) ro2-2 ) -2 =z

1
= 5 I (Infz— 2|~ In o))}

1

=3 Tl_igl_ (In(2 —r) = In(r) — In(1) — In(1))
= %J_iglﬁ (In(2 —r) = In(r)) = —c0.

So one of the summands doesn’t converge, and thus the integral as a whole diverges.

Secondary Topic 5. Find the area of the surface obtained by rotating the curve = 14 2y2 for 1 <y < 2
about the z-axis.

Solution: Recall we have the formula for surface area A = [ 27y ds when we rotate around the z-axis.
We will further integrate with respect to y because everything is given as a function of y. We get ' = 4y,

and thus ds = /1 + 1692, so
2
SA= / 2my+/1 + 16y2 dy
1

u=1+ 1692, du = 32y dy
65

™
= —Vudu
17 16

7 2u?/? 65 m

= =1 = 55 (65v85 — 17v1T).

Secondary Topic 6. Find the (specific) solution to y’ = x2y? if y(0) = 1.
Solution:

@ 23
dzr
dy
Y3

d
—g:/dez
Y

-1 23
-2 4C
212 3 +

9 -1

YT ous/3 20

Plugging in x = 0,y = 1 gives

_-1
T 2C
C=-1/2

B 1
Y=\ 12— 24373

1

2"n)
Secondary Topic 7. Compute lim -n
n—00 (271)'
Solution: 2"n!=2-4-6-----2nand 2n)!=1-2-3-4-----2n—1-2n, s0
2nn! 1 1
0< =
~“(@2n)! 1-3-5.---- (2n—-1) ~ 2n—1



and since lim,,—y oo 0 = lim,,_ o ﬁ = 0, by the Squeeze Theorem lim,, 0o 2 (2n') =0.
Alternatively, we could notice that

2"n! 2™ 2 2 2 2 1

0< = = - — < —

@2n) (n+1)(n+2)...2n—1)n n+1ln+2 2n—12n " n

and since lim,,_,,, 0 = lim,,_, % = 0, and thus by the Squeeze Theorem limnﬁoo (2273' =0.

Using the ratio test we

Alternatively and a bit overpowered-ly, we could consider the series >~

=1 (2n)! :
calculate
ontl 1)!/(2n + 2)! 2 1
lim (n+1)!/(2n +2) = lim (n+1) = lim — =
n—00 2nnl/2n! n—oo (2n+1)(2n+2) n—ooo2n+1

Thus by the ratio test we see the series converges; and by the divergence test, if the series converges then
the sequence of terms must converge to zero.

3 n
Secondary Topic 8. Find the radius and interval of convergence of Z )_21
Solution: We use the ratio test to find the radius of convergence We have
=3 /(2n+1)2+1 —3)|(4n? + 1
B e (C U N N (C [V R
n—o0 (x—=3)"/((2n)2 +1) n—oo  4n? + 4n + 2

Thus the series converges absolutely when |z — 3| < 1 and diverges when |z — 3| > 1, and thus it converges
absolutely on (2,4).
When |z — 3| = 1 we have two points to check. If z = 4 then our series is Y ﬁ which converges

If = 2 then our series is ) 2717)

by the comparison test, since W 711

<
2+1
alternating series test. Thus the real interval of convergence is [2, 4].

n2 which converges by the

Secondary Topic 9. Use a second-degree Taylor polynomial to approximate +/82.

Solution: If g(x) = v/1 4 x, then by the binomial series we have g(z) ~ 1 + § — <5. Then
1 3
V82 =/ 1=3y1 ~3 (14— —
82 81+ 3 +1/81 3( +81'4 32~812>
S U O
U274 32.272
1 1 11
=3+ — = 70119 ~ 3.00579.

108 23328 23328

Secondary Topic 10. Find an equation for the tangent line to the curve defined by the polar equation
r = 2+ sin(360) at the point 0 = 7/4.

Solution:

We can use our polar equations to parametrize x and y as a function of 6:

x = 2cos(f) + cos(0) sin(36)
y = 2sin(f) + sin(#) sin(36)
o(n/4) = V3 + 12
y(r/4) = V2 +1/2.

Then we can use these parametric equations to find the derivatives of z and y:

3—; = —2sin(f) — sin(#) sin(30) + 3 cos() cos(30)
=V2+1/2-3/2=Vv2-1
% = 2co0s(f) 4 cos(#) sin(36) + 3sin(6) cos(36)

=—V2-1/2-3/2=-V2-2.



Now we have two choices. First, we can write down a parametric equation for the tangent line. With the
slopes we have, this is straightforward. We get

()= (V2+1/2,V2+1/2) +1 (V2 —1,-v2 -2)
- <ﬁ+1/2+t(\f2—1),\f2+1/2+t(—\f2_2)>

Alternatively, we can use our parametric derivatives to find the carterian derivative of y with respect to

dy Wi  2cos(0) + cos(f)sin(30) 4 3sin(f) cos(36)
dr ~ defae  —2sin(0) — sin(6) sin(36) + 3 cos(0) cos(30)
o V2+1/2-3/2 V2-1

o —V2-1/2-3/2 —2-2

And now that we have a slope, we can compute the implicit cartesian equation of this tangent line:

y—(V241/2) = ;g(x — (V2+41/2)).




