Math 1232 Midterm Solutions

Instructor: Jay Daigle

You will have 75 minutes for this test.

e You are not allowed to consult books or notes during the test, but you may use a one-page, one-sided,
handwritten cheat sheet you have made for yourself ahead of time.

e You may not use a calculator.

This test has eight questions, over five pages. You should not answer all eight questions.

The first two problems are three pages, representing topics M1 and M2. You should do both of
them, and they are worth 30 points each.

— The remaining six problems represent topics S1 through S6. You will be graded on your best
three, with a few possible bonus points if you also do well on the others.

— Doing three secondary topics well is much better than doing five or six poorly.

— If you perform well on a question on this test it will update your mastery scores. Achieving a
27/30 on a major topic or 9/10 on a secondary topic will count as getting a 2 on a mastery quiz.

Name:

Recitation Section:



M1

M2

S1 S2

S3 S4

S5 S6

> /90




Problem 1 (M1). Compute the following using methods we have learned in class. Show enough work to
justify your answers.

(a) Find the derivative of y = (2 — z)2rctan(),

Solution:
In |y| = arctan(z) In |z° — 2|

y Injz® —2|  (32% — 1) arctan(x)

y 1422 3 —x
, (In|a® — x| n (322 — 1) arctan(x)
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_ (333 _ I)arctan(m) (hl |l‘3 — J?‘ (3.%‘2 — 1) arctan(x)) )

1+ 22 3 —z
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b) Compute ——dx

(b) Compute J = =25

Solution: The obvious substitution is u = 1 — 2% but that doesn’t really work. After experimenting
we see u = x> gives du = 3% dz and thus

1/V2 2 1/2 1
/ 7d:r:/ LS S
0 V1 — 26 0 3 V1 —wu?
‘1/2

=3 arcsin(u) .

1 1
=3 (arcsin(1/2) — arcsin(0)) = 3 (/6 —0) = 118
Alternatively we could compute that
x
——— dz = - arcsin(z?®
/ V1—2ab 3 (27)
and thus
V2 2 ; 1 (@) 1/¥2
———dx = - arcsin(z
0 V1— 26 3 0
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=3 (arcsin(1/2) — arcsin(0)) = 3 (/6 —0) = %
363m 4 e®
C t — dx.
(¢) Compute / B o @
Solution: We take u = 3% + €7, so g: = 3e3? 4+ e® and we get dz = 73e3w+e$' Then

/ 3e3% 4 ¢* d / 3e3% 4 e* du
=" dr =
eSm + et m 3631 + e*
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Problem 2 (M2). Compute the following integrals using methods we have learned in class. Show enough
work to justify your answers.

(a) /x e dx



Solution:

3x 2
/xZe‘% dx = xQ% — / gxegf” dx

2 .3z 2 2
_re _ (99563” —/96336)
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x2e3  2zedT 2637
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3 9 + 27 +

2 _
(b)/Sx 7x+8d$:

We use integration by parts. Take u = 22, dv = 3% dx so du = 2z dz,v = €% /3. Then

z(x — 2)?
Solution: We set up
3x2—7x—|—8_é B 4 C
r(r—22 z -2 (z-2)2
322 — Tz +8=A(r —2)*> + B(x — 2)x + Cx
0: 8 = A(—2)* =44 =A=2
6 =2z =C=3
4=2—-B+3 = B=1
So we have
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——dz = | — €
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3
=2In|z|+In|lz -2 - ——+C.
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(c) /\/%dx

Solution: Here we should do a trigonometric substitution. We take z = 2tan(6), so we have dx =
2sec?(6) df. Then

3
M 2sec?(6) do

V4tan?(0) + 4

3
8 tan’(6) 2sec?(6) do

- v/ 4sec?(0)

8 tan3(6)
_/ 2sec(6) 2sec
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I
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2(60) do

:/SSec(G)tan3(9) de.

Now we need to use some trigonometric identities to do this integral. We know that things work if we
have a single tangent function left, so we set u = sec(), du = sec(#) tan(6) df, and get

x3 3
/\/ﬁdm = /SSec(ﬁ)tan (0) do
= /8sec(9) tan(0)(sec?(9) — 1) do

:8/u2—1du: §u3—8u+C= gsec3(9)—8860(9)+0.



Now we just need to figure out what sec(f) is. We know tan(f) = x/2, so we get a triangle with

opposite side z, adjacent side 2, and hypotenuse v 22 4+ 4. Then we see that sec(f) = ~ ””;H, and thus
the integral is

73 (I2 +4)3/2
——dr = ——F— — 422+ 4+ C.
/ Va2 44 3
Problem 3 (S1). Let f(x) = e@+2) 4 1 — 1. Find (F~H(e?).
Solution: Plugging in numbers, we see f(0) =0 but f(1) = €2, so f~!(e?) = 1. We compute

flx) ="+ @32 +1) + 1
f()y=e*- B+1)+1=4e*+1

and thus by the Inverse Function Theorem,

71/62: 1
V= F @
R
Tf() 4e2 41 T
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Problem 4 (S2). Find lim

=0 In(x) —z

Solution: So I actually typo’d this one. I originally intended to ask this:

0 0
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1
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/
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But in fact with the question I wrote, the correct answer is something like
et — 11—z
im ——— = 0.
20 In(z) —

Problem 5 (S3). Use the Trapezoid rule with six intervals to estimate f_24 z? + 1dz.

Solution:
/2 2 1dn e Y : f(=3)  F(=3) ;f<—2> L2 . f(=1)
—4
n f(—1)2+ f(0) n f(O)-QFf(l) n f(l);rf@)
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Alternatively, we could write

[ ot 1o 3 (50 + 2£(-3) + 20(-2) + 26(-1) + 27(0) + 201 + (2))
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1 1
:5(17+20+10+4+2+4+5) — 3 62=3L
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Problem 6 (S4). Compute / — dz.
0o T
Solution: This is improper in two ways: there’s a singularity at 0, and it goes to +00. Thus we have to
compute

too | tee
0 € 0o 1 €

1 t

= lim —dx + lim — dx
s—0t Jg 2 t—+oo Jq x2

t
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s—0t T

1 -1
= lim <—1 + ) + lim ( + 1) .
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The second limit is 1, but the first limit is 400, so the whole limit is 400 and thus the integral does not
converge.
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Problem 7 (S5). Compute the arc length of the curve y = 5= (922 + 6)*/2 as x varies from 2 to 4.

Solution: We have 3y’ = 2v/922 + 6, and thus
4 4
L:/ \/1+x2(9x2+6)dx:/ V14622 + 9zt dx
2 2

4
:/ 302 +1=a"+af,=64+4-8-2="58
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Problem 8 (S6). Find the function that is the (specific) solution to the initial value problem y' = (y +
1)(z? + 1) if y(0) = 1.

Solution:

dy
y?+1

dy
/y2+1:/(x2+1)d$

3

arctan(y) = % +x+C

3
yztan(é—&—x—i—C).

= (22 +1)dx

So find a specific solution, we plug in and get

1=tan(0+0+C)
C = arctan(l) = /4

and thus

3
ytan(g+z+7r/4).



