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Problem 1. (a) We want to compute [ z?e™3* dx. Why do we want to use integration by
parts? What should be our u and dv, and why?

(b) Compute the integral.

(¢) Now we want to compute [ cos(3z)e*” dz. Why do we want to use integration by parts?
What should be our u and dv, and why? When we need to make another choice, what

forces us to make that choice?

(d) Compute the integral.

Solution:

(a) We see a product of two functions that don’t really have any useful interactions, so

we want to use integration by parts. z? gets simpler when we differentiate, and e=3*
doesn’t, so we're going to want to differentiate the 2? term. So we set u = 2 and

dv = 73" dz, so that du = 2z and v = Zre .
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(c) We again see a product of two functions that don’t have any useful interactions. Here
it’s really hard to see which one would be better to differentiate or integrate! I'm going
to integrate the cosine and differentiate the e2* but it doesn’t matter that much. So I

take u = €2 and dv = cos(3z) dx, which gives du = 2¢** dz and v = 5 sin(3z).

1 1
/COS(3$)€2$ dx = 3 sin(3x)e*” — / 3 sin(3x) - 2e** dx
1 . 22 2 . 2x
=3 sin(3z)e” — 3 sin(3z)e”” dx.

Here we need to do integration by parts again, but we have to take e** to be our u this

time, since we did last time. That means dv = sin(3z) dz and v = 5 cos(3z). And we

get

1 2
/cos(3:v)62’” dr = 3 sin(3z)e* — 3 / sin(3z)e*” dx

1 2 (-1 —1
=3 sin(3x)e*” — 3 <? cos(3x)e*” — / 5 cos(3z) - 2e** dx)

1 2 4
=3 sin(3x)e*” + 3 cos(3x)e*” — 5 /cos(Bx)eQw dz.

Now we need to use our big trick, because this integral is the same one we started

with. So we get
2x 1 : 2x 2 2x 4 2x
cos(3x)e” dxr = 3 sin(3z)e”” + 9 cos(3z)e™ — 9 cos(3x)e” dx
13 1 2
9 / cos(3z)e*” dr = 3 sin(3z)e** + 9 cos(3r)e** + C
/cos (32)e** dox = 2 lsin(?)yc)e2z + 2 cos(3x)e* | +C
~13\3 9
5 sin(3z)e*” + 2 cos(3z)e*” + C
= —sin(3z)e — x)e :
13 13
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Problem 2. Compute [ arctan(z) dz.

Solution: We know the derivative of arctan but not the integral. But integration by parts

lets us convert! We can take u = arctan(x) and dv = dx, so then du = 1122 and v = x.

Then we have

d
/arctan(m) dx = zrarctan(z) — /a;l +Im2
r du
x arctan(x) / 5 (u + )

1 /1
= zrarctan(z) — 5 / —du
u

= zarctan(z) — In |u| + C = zarctan(x) — In |2* + 1| + C.
(Again we see the close relationship between inverse trig and logarithms.)

Problem 3. Compute [ sin’(z)dx.

Solution: By the double angle formula, we have

/smﬁ(x) iz = / (%)3 dz

(1 — cos(2x))® dx

1 — 3cos(2x) + 3 cos?(21) — cos®(27) dx

1 + cos(4x)
2

1 —3cos(2x) + 3

— (1 —sin?(27)) cos(2x) dx

3 3
1 — 3cos(2x) + 5t3 cos(4x) — cos(2z) + sin®(2z) cos(2x) dx

— e — —

(NSRS

3
— 4cos(2x) + 3 cos(4x) + sin®(2x) cos(2z) dx

0| — 0ol 0ol 0O +— | — 0|

~
o &

3 1
— 2sin(2z) + S sin(4x) + 5 sin3(2a:)) + C.

Problem 4. Compute / sec®(z) tan®(z) dz with two different approaches. Do you get the

same answer either way?
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Solution: One option is to reduce until we have two secant terms. Then we can set

u = tan(r) and du = sec?(x) dr. We compute

/sec6(x) tan®(z) dor = /secQ(x)(l + tan®(z))? tan®(z) dz

= /secQ(x) tan®(z) + 2sec?(z) tan” () + sec?(z) tan’ () dx

1 1 1
— 5 9 7 9d — —,6 =8 10 C
/u—l—u—l—uu 6u—|—4u—|——10u+
1 6 1 8 1 10
= —tan’(z) + — tan®(x) + — tan""(x) + C.

6 4 10

Alternatively, we could reduce until we have one tangent term, so we can set u = sec(z)

and du = sec(z) tan(z) der. We compute

/secﬁ(m) tan®(z) dr = /secG(a:) tan(z)(sec’(x) — 1)*dx
= /seclo(x) tan(z) — 2sec®(x) tan(x) + sec®(x) tan(x) dx

1 1 1
9 7,5 10 8 6
= —2u'+uwdu=—u" —-u’+ =-u +
/u u' +u’du mu ik 6u C
1 1

1
=10 sec'®(x) — 1 sec® () + 6 sec®(z) + C.

These don’t look the same, and they aren’t—quite. They differ by 6—10, but that’s just
a constant, so they are the same with the plus C. They're related by the identity that
tan?(x) + 1 = sec?(z), which is the identity we used to get these in the first place.

Problem 5 (Bonus). Do one of the following two integrals. Explain why you don’t want to

do the other one.

(a) / tan?(z) sec®(z) dw

(b) /tan3(:1:) sec®(x) dx.
Solution: The second one is pretty straightforward. We can compute

/ tan® (z) sec®(z) do = / tan(z) sec®(z) — tan(z) sec®(z) do

1 1
= sec’(x) — 3 sec’(z) + C.

The first one, on the other hand, is extremely painful. You can’t get it to a form with a

useful u substitution, and will have to use integration by parts and other painful work. The
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answer turns out to be
1
/tanQ(x) sec®(x) dx = D) (4 In (cos(x/2) — sin(x/2)) — 41n (cos(z/2) + sin(x/2))
— sec*(x) sin(3z) + 7sec®(x) tan(x)) :

Problem 6. Consider the int 1/ e

roblem 6. Consider the integral | ———.
& Vidx? —1
(a) Which trig function would let us simplify that square root, and what identity are we

using?

(b) What trigonometric substitution should we use here?

(c) Compute the antiderivative.

(d) Make sure to substitute your x back into the equation!

Solution:

(a) We want to use a sec(f) form, because we can use the identity that sec?(6)—1 = tan?(6).

(b) Set 2z = sec(f), so that x = § sec(d). Then dz = 1 sec(6) tan(d) df.

(c) We have
% secftan 8 do

dx
/\/4:152—1 _/ Vsec20 —1
1 [ secOtan®df

2 Vtan? 0
1 1
= E/secﬁdé’: 51n|sec@—i—tan0| +C.

(d) We know that sec = 2z by our definition of §. To find tanf we draw a triangle:
angle # has hypotenuse 2x and adjacent side 1, and thus opposite side v4x? — 1, so

tanf = /4x2 — 1. Thus
dx
—————dr=In|lz+V4x?2 — 1/2| + C.
/\/49&2—1 | /2l

2 x
4 J‘f)rz-l
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