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Problem 1. Find an equation for the tangent line to y = 6cosz at (7/3, 3).

Solution: We see that ¢/ = —6sinz, and thus when 2 = 7/3 we have 5/ = —3+/3. Recalling
that the equation of our line is y = m(x — z0) + f(20), we have the equation y = —3v/3(x —
/3)+ 3.

Problem 2. Find an equation for the tangent line to ycos(x) = 1 + sin(xy) at the point
(0,1).

Solution: We can compute

% (ycos(z)) = dix (1 + sin(zy))

d d
% cos(x) — ysin(z) = cos(zy) <y + xd—i>

At this point we could simplify this expression, but we shouldn’t. Instead, we can plug in

(0,1) now, and get

d d
% cos(0) — 1sin(0) = cos(0) (1 + 0%)
dy
Y1
dz
y—1=1(x—0)
y=ux+ 1.
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Now, we could find a formula for 3/ in terms of x and y; that would give something like
this.
d

d_i (cos(z) — xcos(zy)) = ycos(zy) + ysin(x)

dy _ ycos(zy) + ysin(z)
dr  cos(x) — xcos(zy)

But we don’t need to for the question that we asked.

Problem 3. Suppose we have some function f such that 8f(x) + 22(f(z))® = 24, and we
know that f(4) = 1. (Say we’'ve measured this experimentally and now want to understand
or compute with the function). Now suppose we want to estimate f(5) (without having to

solve the equation).

(a) Use implicit differentiation on the equation 8f(z) + x?(f(z))* = 24 to find a formula
relating x, f(x) and f'(z).

(b) Use this formula to determine f’(4).
(¢) Find a formula for the linear approximation of f near 4.

(d) Estimate f(5).

Solution:
(a)
d 9 3y d
(1) + (1)) = 724
8f'(x) + 22(f(x))° + 32°(f(2))* f'(x) = O

http://jaydaigle.net/teaching/courses/2025-fall-1231-12/ 2


http://jaydaigle.net/teaching/courses/2025-fall-1231-12/

Jay Daigle George Washington University ~Math 1231: Single-Variable Calculus I

(b)
8f(4)+2-4-1°+3-42-1°f(4) =0
8f'(4) +8+48f'(4) =0
fl4)=-1/7

(c) We have a derivative, so we can again compute a linear approximation. We get

Py
=
Q

F@)(x =4+ f(4) = —(@-4) + 1.

(d) We compute

Checking Mathematica, we see that the actual solution is .879. So we were pretty

close.

Problem 4 (Bonus). (a) If /7y = 2%y — 2, find a formula for % in terms of x and y.

(b) Find an equation of the tangent line at the point (1,4).

Solution:
(a)
d d .,
L Jag =L (py—2
dz o 7y =2)
1 ~1/2 dy 24Y
z 9 9 &9
5(@y) (y+xd$ zy +
dy (5 1 1/2 1 1/2
SV (2 — - 2
I (w 52(xy) 5 (Y)Y — 2y
dy  S(xy) %y — 2ay
dr 22— ta(zy)-1/2
(b)
L 1. 4_8 — —
d_y(1’4) 22 1.1 _7 - ﬁ
dx 1—I.T ~34 3
-2
y—4= TS(:L‘ —1).
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Problem 5 (Bonus). A rectangle is getting longer by one inch per second and wider by two
inches per second. When the rectangle is 5 inches long and 7 inches wide, how quickly is the

area increasing?
(a) Draw a picture of this situation.

(b) What is the question you're trying to answer? What do you expect it to look like?

Should it be positive or negative? What units do you expect?
(c) What equation should we use here, and why?
(d) Use a derivative to calculate the answer to the question. Does your answer make sense?

(e) To check things: how long and wide will the rectangle be after one inch? How much
will the area have increased? Does that make sense with your answer to the related

rates problem?

(f) Bonus: where have we seen basically this argument before?

Solution:
(a) It’s a rectangle.

(b) We want to know how quickly the area is increasing, so we’re looking for %, and the

units should be in?/s.

(c) We can relate all our quantities with the formula for the area of a rectangle: A = fw
relates the area, which we want to know about, to the length and width, which we do

know about.
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We have ¢ = 5in, w = 7in, % = lin/s, ‘il—’f = 2in/s. Taking a derivative gives us

ﬂ—gd_w_F %
T
= 5in - 2in/s + 7in - lin/s

= 17in%/s.

The units are right (the rate at which area is changing per second), and the direction is right
(the area should be increasing, and this derivative is positive). It’s really hard to see if the
size is right using our intuition; people in general have bad intuition for the rate at which

area changes in response to lengths.

One second later, we’d have £ = 6in and w = 9in for a total area of 54in?. This is an increase

of 19in? over our starting area of 35in%, and 17 is a pretty good approximation of 19.

The derivative of the area formula is just the product rule; we saw basically this same picture

during the proof of the product rule.
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