Math 2233 Practice Midterm 2 Solutions

Instructor: Jay Daigle

Problem 1 (M3). (a) Find and classify the critical points of f(x,y) = 223 + 62y + 3y

Solution: We have

fo(z,y) = 62° + 6y
fy(x,y) = 62 + 6y

This gives us y = —x, and thus we have 22 — z = 0 so z is either 0 or 1. Thus our critical points are
(0,0) and (1,—1).
We have

fwz(xvy) =12z fza:(oa()) =0 fa:x(la _1) =12

fay(2,y) = 6 fay(0,0) =6 fay(1,—1) =6

fyy(z,y) =6 fyy(0,0) =6 fyy(1,—1) = 6.

Then for (0,0) we have D =0-6 — 6% = —36 < 0, so we have a saddle point.
For (1,—1) we have D =12-6 — 6% = 36 > 0, and f,,(1,—1) = 12 > 0. So this is a local minimum.

(b) Find the maximum and minimum values of f(x,y) = 20 — 422 — y? on the disk 2% + 3? < 4.

Solution: For interior critical points, we have Vf(x,y) = (—8x,—2y), which gives the equations
—8z =0 and —2y = 0. Thus the only interior critical point is (0,0), and we compute f(0,0) = 20.

On the boundary, we have

—8x = 2\x
—2y = 2\y.

The second condition gives that y = 0 or A = —1. If y = 0 then « = +2; if A = —1 then the first
equation tells us that £ = 0 and thus y = +2. So we have four critical points:

£(2,0)=4
£(=2,0)=4

£(0,2) = 16
£(0,-2) = 16.

So the absolute maximum on the disk is 20, and the absolute minimum is 4.

Problem 2 (M4). Let R be the spherical wedge bounded by a sphere of radius 4 centered at the origin,
and the cone given by z = /322 + 3y? (as shown below). Let f(z,y,2) = z.

(a) Set up integrals to compute || g [ dV in cartesian, cylindrical, and spherical coordinates.



(b) Choose one of these integrals and evaluate it.

Solution:

(a) We see that these intersect at the circle 22 + y? + 322 + 3y? = 16, or in other words 22 + y? = 4,
so the circle of radius 2 at the level z = v/12 = 24/3.

If we draw a triangle from the side, we see that we have a triangle with opposite side of length 2
and hypotenuse of length 4, so sin ¢ = 1/2. Thus ¢ = /6.

2 Vi—z? V16—z2—y?
—2J—/4—x2 J\/3x22+3y?

27 2 V16—1r2
= / / / zrdzdrdf
0 0 T\/g

4 27 /6
= / / / pcos pp? sin ¢ de db dp
o Jo Jo

(b) I really hope everyone picks the spherical integral. We compute

4 27 /6
I:/ / / p° cos ¢sin ¢ do db dp
o Jo Jo
1 4 2m 6
= f/ / p?sin? ¢|7/% d6 dp
2Jo Jo
1/4/271’ 3
=- p°dldp
8 Jo Jo
4 4
™ 3 TP 4
=— dp = ——|5 = 16m.
4/0 prdp = rlo =16m

(¢) Compute the integral of the function f(x) = = 4 3y over the region bounded by = + 3y = 0,z + 3y =
3,x—3y =0,z — 3y =2.

zdzdydx

s+t

Solution: We use s = z + 3y,t = x — 3y. Then we have x = %3

8(x,y)_'1/2 1/2
(s, t) 1/6 —1/6

and y = #zt. Then the Jacobian is

‘ =-1/12—-1/12=-1/6.



Thus our integral is

3 42 3 2
s s 3
s|—16dtds:/ Sds= |3 = <.
/o/o /8 035 6% 2

Problem 3 (S4). Let R be the disk of radius 2 centered at the origin, with density p(x,y) = 22 +y* — 22 —
4y 4+ 5. What is the center of mass of R?

Solution: Because we're integrating over a disk, we want to use polar coordinates. We have p(r,0) =
72 — 2r cos(#) — 4rsin(f) + 5, so the mass is

2 2m
m = / / 3 — 2r% cos(0) — 4r? sin(6) + 5r df dr
o Jo
2

= / 730 — 2r?sin(6) + 4r? cos(0) + 57| dr

2w
0 0

2 2
= / 2713 + 107r dr = gr‘l + 57rr2‘ = 81 + 207 = 28.
0 0

Now we need to find the moments.

2 27
M, = / / (rsin(0))r® — 212 cos(#) — 4r? sin(0) + 5r df dr
o Jo

2 2m
/ / r*sin() — 23 sin() cos(0) — 4r® sin?(0) + 5r% sin(0) df dr
o Jo

2 2m
—r*cos() — r3sin?(0) — 73 (260 — sin(26)) — 512 cos(6) . dr

2 2
—Amr3dr = —mrt| = —167
0

o—

and

2 2m
M, = / (1 cos(0))r® — 2r? cos(0) — 4r? sin(0) + 5r df dr
0
)

Il
S— — — >—

2 2m
/ 4 cos() — 23 cos?(0) — 413 cos(0) sin(#) + 5r% cos(0) df dr
0

2 27

1
rtsin(9) — 213 (Z + 1 sin(29)> — 213 5in(0) + 512 sin(f) . dr

2

1 2

2 dr = —f7r7“4’ = —8m.
2 0

Thus we compute

LMy _ =8 _ =2
T m 287 7
M. —16r _ 4
Y= T T8r 7




