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Problem 1. Analyze the convergence of the following series. Write clean arguments that

establish whether they diverge, converge conditionally, or converge absolutely. Think about

what tools/tests you want to use, and why.

(a)
∞∑
n=1

(−1)nn!

2n

(b)
∞∑
n=3

(−1)n−1

ln(n)

Solution:

(a) Here we can start with the divergence test. We know that

n! = n(n− 1)(n− 2) . . . (3)(2)(1) ≥ n(2)(2) . . . (2)(2)1 = n2n−2

and thus n!
2n

≥ n
4
. Thus

lim
n→∞

n!

2n
≥ lim

n→∞

n

4
= +∞ ≠ 0

and so this series diverges by the divergence test.

(b) First we consider absolute convergence. We know that 1
ln(n)

≥ 1
n
when n ≥ 3, and∑∞

n=3
1
n
diverges. So by the comparison test

∑∞
n=3

1
ln(n)

diverges, and so our original

series does not converge absolutely.

Now we consider conditional convergence. limn→∞
1

ln(n)
= 0, and thus by the Alternat-

ing Series Test, our series converges.

Therefore our original series converges conditionally.
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Problem 2. Analyze the convergence of the following series. Write clean arguments that

establish whether they diverge, converge conditionally, or converge absolutely. Think about

what tools/tests you want to use, and why.

(a)
∞∑
n=1

(−1)n

3n + 2

(b)
∞∑
n=1

(−1)n

3n+ 2

Solution:

(a) Because we see n in the exponent, we probably want to use the ratio test. We compute

lim
n→∞

∣∣∣∣ (−1)n+1/3n+1 + 2

(−1)n/3n + 2

∣∣∣∣ = lim
n→∞

3n + 2

3n+1 + 2
=

1

3
.

So by the ratio test this series converges absolutely.

We start by checking for absolute convergence. We can’t use the ratio test. (Or we can, but

the limit will be 1, which means the ratio test isn’t helpful. But we can predict the ratio

test will fail because there are no exponents or factorials.)

But we can look at

∞∑
n=1

∣∣∣∣ (−1)n

3n+ 2

∣∣∣∣ = ∞∑
n=1

1

3n+ 2

lim
n→∞

1/3n+ 2

1/n
= lim

n→∞

n

3n+ 2
= 1/3

is finite non-zero, so this series has the same convergence as
∑

1
n
, which diverges. Thus our

original series does not converge absolutely.

However, the series is an alternating series, and limn→∞
1

3n+2
= 0. Thus the original

series does converge, and we can say it converges conditionally.

Problem 3 (Bessel Function). The Bessel function (of order 0) is critical to any physics

done in cylindrical coordinates, and thus any physics that occurs on a cylinder. We saw it

earlier as the solution to the differential equation x2y′′ + xy′ + x2y = 0, but it can also be

given by the power series:

J0(x) =
∞∑
n=0

(−1)nx2n

22n(n!)2
.

What is the radius of convergence? What is the interval of convergence?
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Solution: We use the ratio test. We have an = (−1)nx2n

22n(n!)2
, so

lim

∣∣∣∣an+1

an

∣∣∣∣ = lim

∣∣∣∣x2n+2/22n+2((n+ 1)!)2

x2n/22n(n!)2

∣∣∣∣
= lim

∣∣∣∣x2n+2

x2n

22n

22n+2

(n!)2

((n+ 1)!)2

∣∣∣∣
= lim

|x|2

4(n+ 1)2
= 0.

Thus the Bessel function of order 0 converges absolutely for all real numbers x. We say the

radius of convergence is ∞ and the interval is all reals, or (−∞,+∞).

Problem 4. What is the interval of convergence of

∞∑
n=0

n2(x− 1)n

7n+2
?

Solution: Using the ratio test, we have

lim

∣∣∣∣(n+ 1)2(x− 1)n+1/7n+3

n2(x− 1)n/7n+2

∣∣∣∣ = lim
|x− 1|

7

(n+ 1)2

n2
=

|x− 1|
7

.

So the series converges absolutely when |x − 1| < 7, and thus on the interval (−6, 8). For

the full interval we need to test the endpoints, at x = −6 and x = 8.

When x = −6 we have ∑ n2(−7)n

7n+2
=

∑
(−1)n

n2

49
.

This is an alternating series, but the terms tend towards infinity and so by the divergence

test it diverges.

Similarly, when x = 8 we have ∑ n27n

7n+2
=

∑ n2

49
.

The terms tend towards infinity, so the series diverges by the divergence test.

Thus the real interval of convergence is (−6, 8).

Problem 5 (Bonus). In class we showed that
∑∞

n=1
(−1)n−1

n
converges to a number between

1 and 1/2. I claimed that it converged to ln 2. But this convergence is conditional, and that

matters.

(a) Write out the first twelve terms of this series.
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(b) Reorganize them so that you have the same collection of numbers add one and then

subtract two, then add one, then subtract two, and so on. (You’ll have some extras

left over and that’s fine; remember you have an infinite list of terms.)

(c) What does each triplet look like? Can you simplify that somehow so it looks like

something we recognize? (Hint: what happens if you combine the first two terms of a

triplet?)

(d) Can you figure out what this sequence of partial sums converges to?

Solution:

(a)

1− 1

2
+

1

3
− 1

4
+

1

5
− 1

6
+

1

7
− 1

8
+

1

9
− 1

10
+

1

11
− 1

12
+ . . .

(b) We get

1− 1

2
− 1

4
+

1

3
− 1

6
− 1

8
+

1

5
− 1

10
− 1

12
+ . . .

The 7, 9, and 11 terms are left over, but if we kept going we’d get 1
7
− 1

14
− 1

16
and so

on.

(c) We see that each triplet has the pattern 1
n
− 1

2n
− 1

2n+2
, where n is an odd number. If

we collect the first two terms, we get 1
2n

− 1
2n+2

. So the first few triplets are

1

2
− 1

4
+

1

6
− 1

8
+

1

10
− 1

12

(d) This is exactly half of our original series. So when we add them up in this order, we

get ln(2)
2

.
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