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Problem 1. Consider the integral /

zvVinz

dz.

(a) We're going to have to do a u-substitution here. What u looks like it should work?

(b) What do we need to change the bounds to when we do the u-substitution?

(¢) Compute / dz.
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(d) Now try computing / dx to get the antiderivative.

(e) Now plug e and e in to your antiderivative. What do you notice? How is this related

to part (c)?

Solution:

(a) We take u = In(z), and du = . This seems plausible because In(z) is on the inside

of a function.

(b) In(e) = 1 and In(e*) = 4, so we have to integrate from 1 to 4.

(c)
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(e) We get 24/In(e4) = 2¢/4 = 4 and 24/In(e) = 21/1 = 2, which are the same numbers we
got before. And specifically, you see we get 4 and 1 as intermediate answers here—these

are the same numbers we got by doing the change of bounds.

Problem 2. Compute the following integrals.
) [ i de
(b) [ ™ da.

Solution:

(a) Take u=1+e” so dz = 2. Then

/ P L =Injul+C=In|l+¢"|+C.
14 e” u e’ u

(b) This one looks tricky, and you might have to mess around with it a bit to see, and try
different things. But if we take v = In(z) so that dx = x du, we see this is
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Problem 3 (Challenge). Compute /

Solution: This problem becomes much easier if we multiply the top and bottom by e™*.

Then we have / €
o

/_e_x d:c:—/ W (4 u) = —In(1 + ).

e +1 1+u

dx. Set u = e % so that du = —e~* dx and we have

Alternatively, we can take u = e*, du = e* dx, and have

/ dv / du
L+er ) ufut1)
Again nonobviously, we write

/u(udi 1) :/ZZFUUJJ du—/%d /ﬁdu
/ [

In(w) — In(u + 1) = In(e”) — In(e” + 1).

Using properties of logs, you can check that this is the same as the previous answer. Or, if

you prefer, you can write x — In(e” 4 1).
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Problem 4. (a) Compute sin(arctan(5)).

d
(b) Compute . arccos(v/T)

d
(¢) Compute o arctan(z + sec(x))
T

Solution:

(a) Our implicit triangle has side lengths of 5, 1, v/26. So sin(arctan(5)) =

(b)

(=]

d —1 1
. arccos(y/z) = T o

(c)

d 1
— arctan(x + sec(x))

- =17 T s} (1 + sec(z) tan(z)).

Problem 5. Compute the following integrals:

arcsin(z)

—dx.
V1—2a?

1 6235
b dr.
0 [ T

Solution:

(a)

(a) Take u = arcsin(x), and du = \/1‘1—157. Then

arcsin(z) _u? 1 , N
Vi dr = /udu =3 +C = 2(au‘cs.m(x)) +C.

(b) Set u = e** so du = 2e**dz. g(0) =1 and g(1) = €. Then

2 e2

boe ‘ 1 1
dr = ————du = - arct
/01—1—6493 x /1 ST u 2arcan(u)

Problem 6 (Completing the Square). Sometimes to do an inverse trig integral we need to

1

(arctan(e”) — arctan(1)) .

DN | —

complete the square. This is something you probably learned in high school then immediately

forgot.

dx

Let’s say we want to compute f v B

(a) Is 22 — 2z + 2 a perfect square?
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(b) We want to write x? — 2z + 2 in the form u* + ¢, where c is a constant. That means
we need to find some other number a such that 22 — 2z + a is a perfect square. What

value of a will work here?

(c) Rewrite 2% — 2x + 2 = 2* — 27 + a + b, where a is the number you just found, and b is

whatever’s left over.
(d) Set u? = x* — 2x + a, and complete your u-substitution.
(e) Use that substitution and the derivative of arctan to compute [ #@H.
Solution:

(a) Definitely not.

(b) All perfect squares have the form R* + 2RS + S?. In this case we must have R = z,
and thus 2RS = 225 = —2x, 50 S = —1. Then S? = 1. We take a = 1.

(c) 2 =20 4+2=2?-2r+1+1=(x—1)*+1.

(d) Take u =z — 1, so that du = dx.

(e)
[ R R

_/ du
) w2+1

= arctan(u) + C' = arctan(z — 1) + C.
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